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Preface
According to Dirac, the evolution of physicist’s view of Nature is partially driven
by the questions raised and by the open problems at the moment. In the framework
of quantum mechanical theories, there are two class of problems, according to Dirac
[28]. The first class include interpretational problems. To the second class pertain
problems like the understanding of renormalization procedure in quantum field
theory, the problem of the explanation for the ration of the mass in particles in
the standard model and similar relevant questions. Dirac argues why the first class
of problems are not relevant and why the second one are the relevant ones. He
expected that in answering the second class problems, the quantum theory will be
remarkably altered in a way that the first class appears as dissolved in the newer
view of Nature.
In is difficult to categorize in the above way the issue of quantum gravity, the
problem of finding a consistent framework for quantum mechanics and gravity, it
will be a difficult task. From one side, the problem raises interpretational issues.
On the other hand, many of the standard approaches to quantum are what we
could call hard quantum gravity theories, where quantum mechanics is essentially
applied to models of spacetime as it could be applied to gauge theories in such
a way that one can speak about superposition of quantum spacetimes or theories
where there is defined theoretically the notion of graviton. However, it is difficult to
address if this attitude is right, because the outstanding conceptual problems that a
quantum theory of gravity presents, specially the problem of time and the problem
of compatibility with diffeomorphism invariance of general relativistic theories of
gravity.
Remarkably, the scientific program of applying quantum mechanics to the quan-
tization of classical models of gravity implies in many cases a drastic revision of
quantum mechanical foundations, namely, of the role of time in the quantum me-
chanical formalism. One should wonder if such changes will re-catalogue the prob-
lem of quantum gravity in between the two classes of Dirac. This possibility is
remarkably clear if one admits that the main stream programs on quantum me-
chanics are dogmatic, since they assume as a matter of fact that quantum mechan-
ics formalism and quantum theory can be applied to the spacetime arena. In such
approaches, quantum mechanics is applied to specific models of spacetime, either
in the form of discrete models or continuous models of geometry. But there is no
experimental evidence that spacetime must be subjected to the quantum rules.
Therefore, it is imaginable that the correct approach to an consistent view of
quantum theory and spacetime has been misleading. After all, quantum mechanics
is still open to debate on its foundations and interpretation, but more important,
it does not provide a spacetime picture and mechanism for the quantum effects.
Specifically, quantum correlations and although they are a prediction of quantum
theory, quantum mechanics do not offer a mechanism for them compatible with
relativity.
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The problem on the origin of quantum correlations was one of our initial mo-
tivations to investigate on the foundations of quantum mechanics, together with
the problem of having a consistent spacetime picture of the quantum interference
phenomena. But it is very hard to supersede quantum mechanics in a consistent
way, in agreement with experiments and in a natural way. Also, it is expected that
a newer theory brings to light new experimental falsifiable predictions. After all,
physical discipline is by its own success history, of a conservative nature.
Following this line of thoughts, I have been developing the skeleton of a theory
beneath quantum mechanics. These new ideas also has the potential to contain a
new theory of gravity. The ideas discussed below have evolved from a first intuition
realized in the summer of 2001 and fall 2002, when first the reading of the reading
first come into account of Chern’s account on Finsler geometry [22] and G. ‘t Hooft
work on deterministic quantum mechanics [49, 50] conveyed me to a new view. Of
course, since then, many changes and additional methods have been bring to use
in this context.
The method followed has been strongly driven by aesthetic arguments. I tried
to point out all the assumptions used, since this allow for future pertinent modifi-
cations. The work is very speculative, but I tried to find observable consequences
and in most cases capable of falsify the theory. Still, I am not too happy about the
final result, but I present here the current version of the theory, in case someone is
interested on these ideas.
Ricardo Gallego Torrome´. Trieste, April 2018.
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1. Introduction
1.1. Motivation. After the advent of general relativity, spacetime is dynamical,
being affected and that affects the dynamics of matter fields. This is in sharp
contrast with the usual description that quantum mechanics offers of physical phe-
nomena, where the back-ground spacetime structure is fixed. Therefore, being
general relativity and quantum mechanics theories aimed to be of universal valid-
ity, it could be expected that predictions associated to general relativity and in
direct conflict with predictions of quantum mechanical models. Such problematic
situation should be superseded by a consistent unified theory. It is strongly be-
lieved by many that such theory must be a quantum mechanical theory of gravity
and that such quantum gravity theory will solve the singularities arising in general
relativity.
Several research programs have been explored in the way to solve the incompat-
ibility problem between general relativity and the quantum theory. Among them,
string theory, loop quantum gravity are the most popular. However, despite these
programs are based upon very attractive ideas, it is also accepted that they still
do not provide a fully consistent and predictive picture of physical reality and are
not yet completed in their respective programs and results. Hence it is safe to say
that the problem of finding a consistent theory merging quantum mechanics and
general relativity or suitable modifications of them is still elusive and remain open.
On the other hand, to find a consistent spacetime representation for the quantum
measurement processes, the non-local quantum correlation phenomena and a geo-
metric understanding of quantum entanglement appears as a remarkably difficult
task, which lacks of satisfactory solution since the advent of quantum mechanics.
In the case of the quantum measurement processes this is not surprising, since the
standard collapse postulate of quantum mechanics involves the instantaneous reduc-
tion of the wave packet in each quantum measurement. A postulate that assumes
the existence of instantaneous collapse processes is clearly against the spirit of the
special and general theories of the relativity [29] and more generally, of a geometric
spacetime representation of a process. This is even if theoretically one can not use
such instantaneous processes and correlations to send information. One can ask
always what are such correlations and for a mechanism behind them.
One cannot convincingly argue that quantum field theory provides an unification
of relativity and quantum mechanics. The formal unification of quantum mechan-
ics and special relativity achieved by relativistic quantum field theory, apart from
the serious problems of mathematical consistency and rigourous mathematical for-
mulation of the theory itself, excludes the description of quantum measurement
processes. Moreover, the principles of general relativity are absent in current for-
mulations of quantum field theory. Indeed, since general relativity supersedes spe-
cial relativity as a description of spacetime arena, the theory to be unified with
quantum mechanics is not special relativity but general relativity. The problem of
the spacetime representation of quantum entanglement phenomena and quantum
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measurement processes is related with the logical and mathematical structure of
the quantum theory, with the ontological interpretation of the quantum physical
processes and with the origin of spacetime and gravity.
The above possibility makes interesting to investigate alternative ways of under-
standing quantum mechanical phenomenology and gravity. A possible line of re-
search is suggested under the common spell of emergent quantum mechanics. These
theories share the common assumption that although quantum mechanics provides
a very successful description of a physical system and phenomena, there is an un-
derlying more radical level of physical reality from where quantum mechanics is ob-
tained as an effective description. This situation could be analogous to the relation
between thermodynamics and classical statistical mechanics [33, 34]. An specific
sub-class of theories for emergent quantum mechanics are such that the degrees of
freedom at the fundamental scale are deterministic and local [13, 31, 38, 44, 49, 70].
However, a fundamental difficulty in such approaches is that the associated Hamil-
tonian operators, being linear in the momentum operators, are not bounded from
below. Therefore, in order to ensure the existence of stable minimal energy states,
a natural requirement to the construction of viable quantum models of matter,
a mechanism is need to stabilize the vacuum . One of the mechanism proposed
in the literature involves a dissipative dynamics at the fundamental Planck scale
[13, 31, 49]. It has been argued that the gravitational interaction plays an essential
role as the origin of the information loss dynamics and must be present at the level
of the fundamental scale. However, gravitational interaction could be a classical
and emergent phenomenon s well, absent at the fundamental scale where it is as-
sumed that the dynamics of the microscopic fundamental degrees of freedom takes
place [55, 74]. In this case, it is not very natural to appeal from the beginning to
gravity as the origin of the dissipation of information at a fundamental level.
A fundamental difficulty of deterministic quantum models for physics at the
fundamental scale is the relation between the degrees of freedom at the fundamental
scale and the degrees of freedom at the quantum scales, that includes not only the
degrees of freedom of the standard model of particles or unification quantum field
gauge theories but also, atomic and hadronic scales, for instance. Examples of
models that can be described as deterministic models have been discussed in the
literature. In particular, it was shown that massless non-interacting 4-dimensional
first quantized Dirac neutrino particle can be identified with a deterministic system
and that the free (1 + 1)-bosonic quantum field models and several string models
can be interpreted as deterministic quantum models (see the recent publication
[53] and references there). Such examples show that to describe the dynamics of
non-trivial quantum systems as deterministic dynamical systems is at least feasible.
A theory of emergent quantum mechanics has been constructed based on cellular
automaton models [32, 53].
This work is the first part of a projected work on the foundations of quantum
mechanics. It is based on the ideas first exposed in n deterministic systems as
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models for quantum mechanics [38] but supersedes it in several aspects. In [38]
it was shown that any first order ordinary dynamical system with maximal speed
and acceleration can be described using Hilbert space techniques, by a particular
application of Koopman-von Neumann theory of dynamical systems [59, 75]. In the
present work it is shown how the fundamental elements of the quantum mechanical
formalism are either derived from the underlying formalism of an specific type of
deterministic dynamical models. Moreover, it is argued how an interaction with
formal similarities with classical gravity emerges in Hamilton-Randers systems, in
combination with the principle of concentration of measure as it appears in prob-
ability theory and metric geometry [45, 61, 73]. This interaction causes natural
spontaneous collapse of the sub-quantum state. In contraposition with induced
processes as in spontaneous collapse models [42, 41] and gravity induced collapse
models [26, 63], in our theory the collapse of the quantum state is not necessarily
induced by the measurement device and happens spontaneously and all the τ -time,
in a process of classical emergence. This emergence origin of the macroscopic states
solves the measurement problem: at any macroscopic instant time the value of any
observable is defined. The process of emergence is such that they also the charac-
teristic quantum jumps can happen.
The way of how the emergent mechanism avoids Bell’s inequalities depends on
the assumptions on the dynamics and also, the particular use of Koopman-von
Neumann theory. Indeed, the theory exposed in this work is build up on a new
notion of time.
It is worthily to remark that the present state of our work is far from being in
complete form. Several fundamental elements of the theory are far from being real-
ized in the form of particular models and still are on the sphere of the assumptions.
There are also many assumptions in the construction of the theory, indication that
the theory is still far from being mature. Among the elements that need much
more deep treatment let us mention the construction of concrete models for the
underlying dynamics, a precise theory of emergent gravity and a development of
connection between the underlying dynamics and elements of number theory. Thus
our work is more a program that a complete develop body, although we shall call it
theory. Despite this incompleteness, we manage to describe falsifiable predictions
of the whole theory.
1.2. Structure of the work. This work is organized in four parts. In the first
part, which is developed in section 2, an heuristic introduction of the fundamental
assumptions of the theory is developed. This includes the introduction of the no-
tion of pseudometric as a mathematical implementation of non-reversibility of the
dynamical laws at the fundamental scale. This notion of metric is introduced first
in a general way. The non-reversibility is justified by showing that is the generic
situation when it is related with a topological pseudometric. Then a compilation of
the assumptions about the dynamics and nature for the degrees of freedom of our
models is detailed. In particular properties associated with causality, determinism
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an locality of the dynamics of the systems that will be investigated in this work are
introduced. It is argued heuristically that under such assumptions, there must exist
a maximal proper acceleration. The existence of a proper maximal acceleration is
related with a modification of the Lorentzian geometry of the spacetime[40]. In
any case, the collection of assumption in which our theory is built on should not
be seen as an axiomatic.
The second part of this work begins at section 3 and expands until section 5. It
describes the fundamental mathematical structure of Hamilton-Randers dynamical
systems and the reconstruction of several fundamental notions of the mathematical
formalism of quantum mechanics from Hamilton-Randers systems. Section 3 pro-
vides a short exposition of generalized Hamilton spaces of Randers type. After a
first step towards symmetrization of the dynamics, we show the relation of Hamil-
ton geometry of Randers type with a specific type of dynamical systems described
by first order ordinary differential equations. The particular models elaborated in
this work are what we have called Hamilton-Randers dynamical systems. They
constitute our models for the dynamics of the fundamental degrees of freedom at
the Planck scale.
An specific characteristic of Hamilton-Randers dynamical systems is that they
have a double dynamics, denoted by Ut and by Uτ . This is similar to the situ-
ation with fast/slow dynamical systems, but here each of the dynamics and time
parameters are formally independent from each other: there is no a bijection be-
tween the values of t and the values of τ and the Uτ dynamics can only applied to
quantum objects. The doubling of the dimensionality of time is of fundamental im-
portance for Hamilton-Randers theory, since the consequence interpretation of the
quantum phenomena relies on this double dynamics. Special care has been taken
in uncover the notion of two-dimensional time associated to the two dimensional
parameter (t, τ). The existence of maximal acceleration and speed in Hamilton-
Randers systems is shown. It is discussed the notion of emergence of the τ -time,
the need of external time diffeomorphism invariance of the theory and the relation
of the fundamental cycles with the structure of prime numbers. As a consequence,
a natural interpretation of the energy-time quantum relation emerges. In Section
4, a formulation of Hamilton-Randers system by means of Hilbert space theory is
described. This approach is an application of Koopman-von Neumann theory of
dynamical systems defined in a tangent space of a high dimensional manifold as
configuration space. This formalism allows to describe classical dynamical systems
using quantum mechanical techniques. It is shown that both, the dynamical system
formulation of Section 3 and the Koopman-von Neuwman formulation in Section 4
of Hamilton-Randers systems are general covariant.
Section 5 is devoted to the theoretical construction of the quantum states from
the original degrees of freedom of the underlying Hamilton-Randers systems. This
is carried out using the formalism of Hilbert spaces for Hamilton-Randers systems
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discussed in section 4. The transition from the description in terms of discrete de-
grees of freedom associated with Hamilton-Randes systems to continuous degrees
of freedom associated with quantum wave functions is natural, if the difference
between the fundamental scale and the quantum scale is large. We use the contin-
uous formalism through this work. As a consequence of the theory a constructive
approach to the quantum wave function is discussed. The construction admits a
natural probabilistic interpretation and the associated quantum Hilbert space from
the underlying HR-system structures is discussed. In particular we show how the
Born rule emerges. It is also shown how the quantum τ -time diffeomorphism in-
variance emerges from the fundamental τ -time diffeomorphism invariance discussed
in section 3.
The third part of the work presents the application of fundamental notions of
metric geometry to the dynamics of Hamilton-Randers systems and its consequences
in the form of a theory of measurement of quantum systems, a theory of emergent
gravity and a theory of non-local quantum correlations. In section 6 we apply the
concentration of measure to introduce the notion of natural spontaneous collapse
of the wave function. This theoretical process is somehow analogous to the spon-
taneous collapse of the quantum states that happen in collapse models [42, 41].
However, our notion of spontaneous collapse, but its origin, mechanism and math-
ematical explanation and formulation are rather different from such well known
models. The main difference is that in our theory the collapse of the state happens
spontaneously, independently of a possible interaction with a measurement device
and not induced by such physical processes. It is of fundamental importance for
our picture, since it defines the emergence of many observable magnitudes.
In Section 7 it is shown how the Hamiltonian of a Hamilton-Randers system can
be decomposed in a 1-Lipschitz continuous piece plus an additional non-Lipschitz
piece. It is argued that the non-Lipschitz term should be associated to the matter
Hamiltonian. This property is used to discuss a natural mechanism to bound from
below the quantum Hamiltonian operator for matter in Hamilton-Randers systems.
After this we discuss how a property that can be identified with the weak equiva-
lence principle emerges in Hamilton-Randers theory by application of concentration
of measure to a natural notion of free falling systems. Partially as a consequence
of this, we argue that classical gravity can be interpreted as an emergent interac-
tion. We show how the mechanism to stabilize the vacuum states of the matter
Hamiltonian and the mechanism that produce the emergence of physical observable
reality are related with classical gravity. But also we show that the same mecha-
nism that originates the emergence of the gravitational interaction is related with
the natural spontaneous collapse mechanism. As a consequence of such a relation,
it is argued that gravity is classical and not a quantum interaction. The meaning of
fundamental scale is discussed with in the framework of Hamilton-Randers theory.
It is argued in Section 8 that the dynamics of observables are determined by the
Heisenberg equation of motion for the matter Hamiltonian.
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In Section 9 several fundamental issues of quantum mechanics are discussed. It is
first considered the quantum interference phenomena in the form of the ideal quan-
tum double slit experiment [35], first without considering the gravitational field and
then followed by a discussion of the gravitationally induced quantum interference
experiments [21, 23, 66]. Then we show how non-locality emerges in Hamilton-
Randers theory as a consequence of the projection mechanism from the 2-time
description to the 1-time description in the mathematical formalism. The inter-
pretation of entangled states and how Bell’s inequalities should be violated in our
theory is discussed, even if the complete description of the fundamental double
dynamics is local.
The fourth part of the work are further applications and discussions. Section 10
compiles part of our reflections on the notion of time according to Hamilton-Randers
theory. It is argued the emergent character of external time parameter.
Section 11 discuss the surprising relation between Hamilton-Randers theory and
the Riemann hypothesis, through the operational approach to the Hilbert-Polya
conjecture pioneered by Berry, Connes, Keating and others.
In Section 12 the relation of our theory with other emergent quantum mechanical
frameworks is briefly mentioned. Specifically, we discuss our theory and its relation
with Bohmian mechanics and G.’t Hooft’s theory Cellular Automaton Interpre-
tation of quantum mechanic. We also briefly discuss our suggestion of emergent
gravity with E. Verlinde’s theory of entropic gravity. We show how our theory is
immune to several relevant criticisms of Verlinde’s theory [56], since in our theory,
although emergent and classic gravity is not an entropic force.
We also discuss possible falsifiable tests of Hamilton-Randers theory.
Finally, several open problems of our approach are briefly discussed. The most
pre-eminent problem in our approach are concrete realizations of fundamental Ut
flow and the relation between the non-Lipschitz piece of the Hamiltonian and con-
ventional matter Hamiltonian. This is also related with the effective construction
of quantum models as effective description of quantum mechanics.
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2. Assumptions for deterministic dynamical models at the
hypothesized fundamental scale
In this section we introduce the elements and fundamental assumptions for the
models of the dynamical systems that we conjecture are applicable in the description
of the physics at the fundamental scale of physics. Our exposition is formal but
not axiomatic. We do not fully discuss the logical dependence between the different
assumptions and structures. However, we try to clarify some of the links among
them and also with the corresponding mathematical formalization. In this way, the
theory is open to a more formal treatment in the future, that can accommodate
better options than the ones expressed in the present paper.
The most relevant feature of the theory of Hamilton-Randers models is the emer-
gent interpretation of many fundamental notions in physics, including the notion
of time parameter, the notion of spacetime and the emergence of gravity from an
underlying sub-quantum deterministic, information loss (or dissipative) dynami-
cal systems. Quantum mechanical description appears as a natural an effective
mathematical description related with a probability description of processes among
emergent structures. An electron, a photon and any quantum system is thought
as an emergent system. Due to the complexity of the underlying dynamics, it is
not possible for usual systems to follow the detail dynamics of the fundamental
dynamics at the fundamental scale of physics. Quantum mechanics is, if not un-
avoidable, the natural mathematical description from a positivistic point of view.
This view is reinforced by the considerations of Koopman-von Neumann theory of
dynamical systems, together with the assumed complex features of the underlying
dynamics. Our claim of naturalness description of the quantum theory relies on
this realization of the relevance of Koopman-von Neumann theory. In this sense,
we agree on some of the ideas expressed by G. ’t Hooft [53].
Notably, be above emergent picture is not assumed in our theory, but follows
from the mathematical structure of the dynamical systems that we shall consider.
Of course, the hypothesis assumed for them have been free chosen. But if the ulti-
mate objetive of a physical theory is based upon their capability to coordinate our
external physical experience in a consistent, rational way, then we are in principle
ample free to make such choice.
2.1. On the problem of reversibility versus non-reversibility at the funda-
mental level. We have already anticipated that our theory of fundamental systems
will be a dynamical system theory. In doing this, we have accepted a positive an-
swer to a fundamental question in natural philosophy:
Is time evolution real or it is merely an illusion?
But we need to be cautious, since we do not wish to introduce an absolute time, like
in Newtonian mechanics. In the current state of the physical theory, this question
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arises when one considers the problem of accommodating quantum mechanics and
general relativity in an unifying framework. Very often, it is answered negatively,
under the grounds of diffeomorphism invariance of general relativistic theories of
gravity implies there is no a natural meaning of time. But this line of thought
is probably answering the question from the beginning, since such diffeomorphism
invariance is settle in a framework where spacetime description is viewed as funda-
mental. However, this could not be the case at the fundamental scale, if such scale
is very small compared with any of the scales where spacetime description currently
applies.
Therefore, in an attempt to understand the physics of the hypothesized funda-
mental scale, it could be more natural not to adopt any definite position on the
above question. Instead, we can consider the following question,
Is the dynamical evolution of fundamental systems at the fundamental scale
reversible or non-reversible?
A standard answer to the above question could be along the following lines. Al-
though the standard model of particles is slightly not time inversion invariant,
the dynamics of the model is reversible. Processes in both orientations of time
evolution are allowed, even if the probability transitions are different under time
inversion. Supporting this reversible point of view of the dynamics there is the
fact that general relativity provides a timeless description of physical processes. In
general relativity, there is no fundamental notion of time, events are represented by
points of a four spacetime manifold M4 and the physical observables are insensitive
to active time diffeomorphism transformations of the manifold.
The above arguments provide evidence for the statement that the fundamental
laws of physics should be reversible. Otherwise, one needs to explain the absence
of a fundamental arrow of time in such highly successful reversible dynamical mod-
els and theories (standard model, general relativity,...) from non-reversible mod-
els and provide a mechanism for the emergence of reversibility of the dynamics1.
But despite these reasons, we think that the question about the reversibility/non-
reversibility of the dynamical laws of fundamental scales is an open question. In
order to motivate our point, let us remark that if the fundamental dynamical sys-
tems are to be constructed from fundamental assumptions, as it is our purpose
of the present work, the problem the reversibility/non-reversibility of the evolu-
tion must be considered first, since depending on the position that one adopts, the
mathematical structure of the theory shapes the physical content of the theory in
different ways. Thus our problem is double, first to construct a theory to decide
wether the fundamental dynamics is reversible or it is non-reversible an second,
to show how it could be possible to have reversible laws at usual scales of physics
1This problem seems the converse to the classical problem of deriving the second law or a
physical thermodynamical arrow of time from reversible microscopic dynamical laws.
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like quantum mechanics and general relativity from such irreversible underlying dy-
namics. Indeed, it is logically possible that even if our current laws of physics are
reversible, the conjectured fundamental laws beneath quantum mechanics imply a
non-reversible evolution law, maybe providing a natural explanation for the time
evolution of the physical systems. If this is the case, one could speak of emergence
of reversibility and of fundamental irreversibility in Nature.
Despite this topic is rather speculative, it is necessary to adopt a posture on
it, if the pretension is to construct the elements of the fundamental dynamics.
Therefore, we would like to have a reasonable criteria to decide which of the two
options, reversibility or non-reversibility at the fundamental level, is more natural
from a formal point of view in the contest that we are working. In order to discuss
this problem it could be useful to have a general notion for reversible and of non-
reversible dynamical evolution laws. The notion must be applicable to the dynamics
of what we shall declare as fundamental systems. A proposal for such general
notions is developed in the following.
2.2. A general notion of dynamical system. It is natural to start first by
defining a theory of dynamics what one should understand by time. For us, the
time parameters used in the description of the fundamental dynamics are sub-sets
of elements of an algebraic field [55] (K,+, ·). K can be the field of real numbers
R but it can also be a discrete field such as the field of rational numbers Q, for
instance. There is no restriction on the sub-sets defining the time parameters,
except that they need to be sub-fields of the field K. K does not need to be
an ordered field. However, the existence of the inverse operation for the binary
operation · : K×K→ K is required in order to ensure the possibility of incremental
quotients or derivatives. It does not need to be a continuous field in the sense that
the inverse operation does not need to be continuous.
Let M be the configuration space of the system that we shall call dynamical
system, that is, the set whose elements describe the state of the system. Thus a
dynamical system will have associated a sub-domain of points of M during the
time evolution. This notion applies either to a classical dynamical system, where
M is a configuration manifold or to a quantum system, where for instance for a
pure quantum system, M is a Hilbert space. The set M can be either a discrete
set, a smooth manifold or a topological manifold, for instance. We will consider
the discrete/continuous character of M later when we discuss a specific class of
dynamical models.
In this framework, we propose the following
Definition 2.1. A dynamics is a map
Φ : K̂× M→M, (t, u) 7→ Φt(u)
such that
Φt1 ◦ Φt2 = Φt1+t2 , t1, t2 ∈ K̂,
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where Φt = Φ(t, ·) and K̂ is a subset of K.
Note that {Φt}t∈K̂ does not necessarily defines a group of transformations ofM.
Thus in general, the set {Φt}t∈K̂ defines a semi-group of transformations of M.
This definition is an straightforward generalization of the usual notion of dynami-
cal system [5]. However, note that we do not require conditions on the measurability
of the system. Indeed, we do not introduce a measure yet. Also, we do not fix the
field K where the time parameters live. By using the above definition, we expect
to have an scheme general enough to treat the dynamical systems that we shall
consider later. Specifically, the fact the we do not fix the field make the definition
applicable to both, continuous and discrete dynamics and configuration spaces M.
If there is defined an order relation in K, then there is an induced order relation
in K̂. Time evolutions from A ∈ M to B ∈ M along Φ can be defined and a
chronological order can be attached to the evolution.
Our definition of dynamics assumes the existence of time parameters, which are
subsets of the field K. Given that these time parameter can be defined arbitrar-
ily and given that a priori a macroscopic observer is not attached to any of such
parameters, it is natural to expect that in a consistent description of the theory, ob-
servable quantities must be independent of the choice of the time parameter. Thus
although for the description of the dynamics the introduction of time parameters
is necessary, the theory will be constrained by time diffeomorphism invariance2.
Definition 2.2. The time conjugated dynamics associated to the dynamics Φ is a
map
Φc : K× M→M
such that if Φ(t, A) = B, then Φc(t, B) = A.
Note that if Φ is a dynamics, then Φc is also a dynamics.
Definition 2.3. LetM be the configuration space of the dynamics Φ : K×M→M.
Then the dynamics Φ is non-reversible if there exists a function Ω :M×M→ K
such that the relation
Ξ :M→ K, A 7→ sup
X∈UA
{
lim
X→A,Xc→A
(Ω(X,A)− Ω(A,Xc))
}
6= 0(2.1)
holds good for X = Φ(t, A) and Xc = Φc(t, A) for almost any A ∈ M and for each
sub-set UA ⊂M containing the point A ∈ M.
Note that the algebraic field K must allow for the notions of limits X → A and
Xc → A and also the notion of incremental quotient limits, in order to have a
notion of incremental quotient as in the continuous fields. For example, the field
of real numbers R and the discrete field of rational numbers Q have well defined
2Indeed, Hamilton-Randers models will be invariant under spacetime diffeomorphism in the
continuous limit.
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notions of limits. Another examples is the case of the field of complex numbers C
with the usual operation.and the cyclic finite field Zp for p prime.
Note that indeed the function Ξ can be zero for a small in a small sub-set
of points during the evolution. The relevant thing is that it is non-zero almost
everywhere during each possible evolution. If there are no such function Ω for a
given open domain UA, then the dynamics is reversible locally at A. If the dynamics
is reversible for A ∈ U , then we say that the function is reversible locally in the
open set U .
Example 2.4. Let Λ : M → be a thermodynamical entropy function. This type
of functions are insensitive to our notion of reversibility, since they do not have
the structure postulated for the function Ξ. Also, Ξ is not necessarily an additive
function. Thus Ξ is not an entropy function. Furthermore, for an isolated system
the entropy function never decreases, defining a thermodynamical arrow of time.
An interesting example of irreversible dynamics is given as follows,
Example 2.5. Let (D2, F ) be a Finsler space [6], where D2 is the two dimensional
disc and K is the field of real numbers R. For two infinitesimally close points
A,X ∈ D2, we consider the limits
lim
X→A
Ω(X,A) =
d
ds
∣∣
s=0
∫ X(s)
A
F (γ, γ˙) dt,
lim
X→A
Ω(A,Xc) =
d
ds
∣∣
s=0
∫ A
X(s)
F (γ˜,− ˙˜γ) dt.
The dynamics Φ is given by the geodesic flow of F . Thus the parameterized curves
γ and γ˜ are geodesics, where γ is a curve joining A and X and realizing the minimal
distance (and analogously for γ˜). The local existence of such geodesics is guaranteed
by Whitehead theorem [77]. However, these pair of geodesics are not related as in
Riemannian geometry by γ˜(s) = γ(1 − s), s ∈ [0, 1], since in general the Finsler
metric F is not necessarily a reversible Finsler metric.
Let us consider the expression
Ξ(A) = sup
X∈UA
{
lim
X→A
Ω(X,A)− lim
X→A
Ω(A,Xc)
}
=
{
d
ds
∣∣
s=0
∫ X
A
(
F (γ, γ˙)− F (γ˜,− ˙˜γ)) dt} ,
It follows that
lim
X→A
Ω(X,A)− Ωc(A,Xc) = F (A, V )− F (A,−V )(2.2)
along a given geodesic γ : I →M passing through A and B and such that
γ(0) = A = lim
X→A
γ˜, γ˙(0) = V = − lim
X→A
˙˜γ.
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For a generic Finsler metric, this limit is different from zero. This example is
related with the notion of reversibility function in Finsler geometry [64], which is a
measure the non-reversibility of a Finsler metric.
The construction of Example 2.5 in the case when (M,F ) is a Riemannian struc-
ture provides an example of reversible dynamics. In this case the dynamics is just
the geodesic flow and limX→A(Ω(A,X)− Ω(X,A)) = 0 along Φ. This is also true
for reversible Finsler metrics. Also, note that the corresponding metric entropy
of the geodesic flow as a dynamical system [69] has a non-trivial metric entropy
[69]. Therefore, our notion of irreversibility is different than the one based upon
the notion of metric entropy.
Example 2.6. The electroweak interaction of the standard model of particle physics
violates the CP -symmetry. By the CPT -theorem of quantum field theory, there is a
slightly violation of T -symmetry invariance in quantum dynamics. In particular, the
transition amplitudes for processes under T -inversion have different probability than
the original amplitudes. However, in the limit τA → τB the unitary evolution opera-
tors converge to the identity, before and after application of T -inversion operation.
Henceforth, the corresponding limit (2.1) that one can define for any continuous
observable in time evolution is zero. Since all the observables in quantum field the-
ory follow continuous equations of motion (Heisenberg equations), the electroweak
dynamics is a reversible dynamics in the sense of definition (2.3). The same con-
clusion follows for any relativistic field theory whose observables obey Heisenberg
equations.
The notion of reversibility/non-reversibility that we are considering is attached
to the possibility of defining the function Ω, such that the property (2.1) holds
good. If one such function Ω is found, there is a dynamical arrow of time by the
following criteria:
Definition 2.7. Given a non-reversible dynamics Φ : K¯×M→M and the func-
tions Ω and Ωc, a dynamical arrow of time is defined by the choice of the sign for
the difference in the expression(2.1), where X = Φ(t, A) and Xc = Φc(t, A) for any
A ∈ M.
Given a non-reversible dynamics as in 2.3, the sign of the function (2.1) is well
defined, at least on local domains of K¯×M. The existence of a dynamical arrow of
time with constant sign defined in the whole configuration spaceM is a non-trivial
requirement. For example, it is not guaranteed that the sign in the difference (2.2)
is keep constant on the whole D2. However, the difference (2.2) is a continuous
function on D2. Hence one can reduce the domain to the open set where the
difference is positive.
The main supporting argument in favour of non-reversibility for the fundamental
dynamics is based in several related facts:
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(1) Given any configuration space M, the set of non-reversible dynamics is
much larger and contains the set of reversible ones. This statement is inde-
pendent from any possible probability distribution in the space of possible
dynamics.
(2) In several situations, including the one that we shall consider in Hamilton-
Randers theory, given a non-reversible dynamics, an associated reversible
dynamics by can be constructed by a process of time symmetrization. In
order to produce reversible dynamics, this symmetric procedure is unique
in Hamilton-Randers theory. It implies that for many non-reversible dy-
namics, there is an unique reversible dynamics.
If we further assume that any reversible dynamics can be obtained after a time
symmetrization of a (non-unique) non-reversible dynamics, then it is clear that the
category of non-reversible dynamics is the natural choice, since all the operations
that one can perform in the reversible dynamics can be obtained from a slightly
different operations in the non-reversible version of the dynamical system.
Furthermore, the notion of symmetrization can be applied to both, continuous
and discrete dynamics. Let us mention that all this appear rather abstract, we shall
make this constructions explicit later, when we introduce our Hamilton-Randers
systems.
A second argument supporting a non-reversible character of the underlying fun-
damental dynamics, at least if continuous models are considered, is based in the
ubiquity of the Finsler metrics defined on differentiable manifolds. Finsler struc-
tures are natural objects in the sense that they can be defined on any manifold M
with enough regularity and with some other additional natural topological condi-
tions (Hausdorff and paracompact manifolds). This can be seen clearly for metrics
with Euclidean signature, where a Finsler structure of Randers type can be con-
structed from the Riemannian metric arising naturally from the atlas structure (see
for instance [76]) plus additional conditions to ensure the existence of globally de-
fined non-zero vector fields. For the case of Finsler spacetimes, one can follow a
similar strategy but in this case it is necessary to consider the topological restric-
tions that allow the definition of an underlying Lorentzian metric. Such Lorentz
structure is deformed to a Randers type metric by the introduction of the vector
field. In the case of metric with Euclidean signature a non-reversible dynamics is
naturally defined on M, namely, the geometric flow corresponding to the averag-
ing process of the Finsler metric [37]. The final result of this geometric flow is a
Riemannian structure. The process itself is information loss, since many different
Finsler metric can evolve to the same Riemannian metric by such flow. Therefore,
the flow intrinsically defines an irreversible dynamics. Furthermore, in order to
extend this argument to the case of interest for us, the extension of the flow to
metrics with indefinite signature must be defined. This is an open current problem
in the theory of averaging Finsler structures.
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2.3. Pseudometric structures. Following up the above conclusion on the natu-
ralness of considering non-reversible dynamics for the description of fundamental
systems and also taking into account example 2.5, let us consider the following type
of structures,
Definition 2.8. Let T be a set and K an ordered field. A pseudometric is a function
̺ : T×T→ K such that
(1) ̺(u, v) ≥ 0, for each u, v ∈ T,
(2) ̺(u, v) = 0, iff u = v ∈ T,
(3) ̺(ua, uc) ≤ ̺(ua, ub) + ̺(ub, uc), for each ua, ub, uc ∈ T.
Given a pseudometric structure, it is possible to define a topology on T by
considering the associated open balls and the corresponding topological basis.
The main difference between a pseudometric and a topological metric function
is that in the case of a pseudometric, the symmetry condition of metrics has been
dropped out. Moreover, the existence of a pseudometric on T implies the existence
of a natural symmetrized metric on T, namely,
̺+ : T×T→ K, (u, v) 7→ 1
2
(̺(u, v) + ̺(v, u)) .(2.3)
There is also associated the skew-symmetric function
̺− : T×T→ K, (u, v) 7→ 1
2
(̺(u, v)− ̺(v, u)) .(2.4)
Only if both structures ̺+ and ̺− are given, the pseudo-metric ρ is determined by
inverting the above expressions. Also, given the topology induced by ρ on T, one
can consider the corresponding notion of compact set.
The relation of the pseudo-metric ̺ with a description of the non-reversibility of
the dynamics is through its hypothetical relation with the two possible directions
of evolutions. It is a function associated with Ξ, when a dynamics is given: ̺(A,B)
is associated with the evolution from A to B following the dynamics Φ, while then
̺(B,A) is associated with the time conjugate dynamics Φc.
2.4. Causal structure. A related aspect that we need to consider for our dynam-
ical systems is the existence of causal structures in a general enough framework. A
general way to introduce a precise notion for this is the following,
Definition 2.9. Let us consider the configuration spaceM endowed with a pseudo-
metric structure. A causal structure is a collection
CM :=
{
Cu, u ∈ M˜ ⊂ M
}
(2.5)
of subsects Cu ⊂ M such that if we define the following relation
u1 is related with u2 if u2 ∈ Cu1 ,
then following properties hold:
• Symmetry: If u1 is related with u2, then u2 is related with u1.
• Reflexive: for every u ∈ M˜ ⊂ M, u is related with itself.
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• Diamond property: For every u1, u2 ∈ M˜, Cu1 ∩ Cu2 is compact.
Definition 2.10. Given u ∈ M, the set Cu is the causal cone associated to u. If
v ∈ Cu, then u and v are causally connected.
It is clear that if u is causally connected with v, then v is causally connected
with u, by the symmetric property in the relation defined by 2.9.
An example of causal structure is the case whenM = M4 is a smooth manifold
endowed with a Lorentzian metric and CM is the corresponding causal structure of
light cones. In general relativity, the term light cone have attached to meanings,
one as a subset of the spacetime manifold M4, the second as subset of the tangent
space TM4. The corresponding meaning of Definition 2.9 corresponds to the first
one attached in general relativity. However, it applies also to theories where the
configuration manifold M is discrete.
Indeed, our notion is directly inspired by the Lorentzian case. However, there is
a notable difference. Note that in the definition of pseudometric, an ordered field K
is required, while in our definition 2.9, only a topology defining the compact sets is
required. In particular, there is no notion of time or time ordering in our definition
of causal structure.
The characteristic axiom in definition 2.9 is the Diamond property. The physical
heuristic reason to adopt is based upon the corresponding property of global hy-
perbolic spacetime ([46]). Furthermore, it suggests that the effects at a given point
originated from another point, are determined by a compact set. That is a way to
express finiteness in the possible actions for systems located at a given point.
Given a compact configuration space M, there is always defined a causal struc-
ture if we make Cu = M. This structure corresponds to the situation where all the
points of the configuration space are causally connected. In the case that CM 6=M,
then the causal structure is non-trivial. Obstructions will make this in general non-
possible, implying a non-trivial causal structure.
2.5. Characteristics of the fundamental dynamical systems. The following
assumptions will be considered and implemented in the investigation of the prop-
erties of dynamical systems describing the physics at the conjectured fundamental
scale. Rather than a set of formal axioms, the assumptions below must be consid-
ered as requirements that constrain the mathematical framework where the dynam-
ical systems are to be formulated. Basically, the assumptions constraint the systems
to be causal, deterministic, local (in certain sense that will be explained later) and
non-reversible dynamical systems. The assumptions are categorized in three differ-
ent classes, according to the level of description, apart from a 0-assumption on the
existence of a fundamental scale.
• The fundamental scale assumption.
A.0. There is a fundamental scale in physical systems, more fundamen-
tal than any quantum mechanical and classical field theory description of
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physical systems scale.
• Assumptions on the metric and measure structures of the funda-
mental dynamical systems.
A.1. There is a discrete model topological space M4 which is the arena
where standard observers can locate macroscopic phenomena, associated
with possible physical effects and observations, characterized as points in
M4.
A.2. There is a topological configuration space M which is endowed with
an pseudometric structure (M, ̺) as in definition (2.8) and also endowed
with a probability measure µP .
• Assumptions on the ontological structure of the fundamental dy-
namical models. The physical degrees of freedom are by definition the
degrees of freedom represented in the Hamiltonian of the fundamental sys-
tem.
A.3. The physical sub-quantum degrees of freedom are identical, undistin-
guishable degrees of freedom composed by two sub-quantum atoms. Since
the sub-quantum degrees of freedom are composed, we call them sub-
quantum molecules.
A.4. There is a natural minimal coordinate scale Lmin. It is the universal
minimal coordinate difference for events defined in any ideal, instantaneous
inertial frame co-moving with a given sub-quantum molecule.
• Assumptions on the dynamics. A dynamics is a map as given by defi-
nition 2.1.
A.5. There is a fundamental geometric flow that, together with a Hamil-
tonian function for the fundamental degrees of freedom, determines the full
dynamics of the Hamilton-Randers system.
A.6. The following locality condition holds: given a system S corresponding
to a collection of sub-quantum molecules, there is a smallest neighborhood
U with S ⊂ U such that for any U˜ ⊃ U the dynamical effect of any action
of U and U˜ on S are the same.
A.7. Causality condition: in the configuration space M, there is a non-
trivial causal structure as defined in definition 2.9 where the physical degree
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of freedom are defined.
A.8. The fundamental flow at the fundamental scale is non-reversible in
the sense of definition 2.3.
A.9. The fundamental dynamics is sensitive to initial conditions and with
the appearance of metastable domains in the long time evolution.
In this work, a class of dynamical systems (Hamilton-Randers systems) fulfill-
ing the above assumptions and the application to the reconstruct several aspects
of the quantum mechanical formalism from them is investigated. We will show
that Hamilton-Randers systems are suitable candidates to describe systems at the
fundamental scale, since from the dynamics of the Hamilton-Randers systems one
can recover the dynamical systems of quantum mechanical systems and most of the
phenomenological properties of the quantum theory can be explained in terms of
more clear geometric notions.
2.6. Remarks on the assumptions on the fundamental dynamical systems.
Assumption A.0 is the fundamental idea of any emergent framework for quantum
mechanics. Indeed, the idea of a fundamental scale is not exclusive for theories
of emergent quantum mechanics. On the contrary, it is ubiquitous in many ap-
proaches to quantum gravity. Therefore, to take the existence of such scale that it
is fundamental in some sense to be make precise by the theory must be taken by
guaranteed without too many problems. Other thing is which is the fundamental
scale. Usual quantum gravity theory put it the Planck scale. We will left open
this issue until we have developed further our ideas. We will see that indeed this
fundamental scale is related with the emergence of gravity.
The assumption A.2 on the existence of a pseudometric structure is useful for
our constructions for several reasons. First, note that if a pseudometric structure is
defined onM, then there is a well defined topological structure onM. In particular,
there is defined a topology associated with the pseudometric function ̺. In addition,
the notions of Cauchy sequence and completeness associated to the pseudometric
̺ are well defined, although they are no symmetric structures. A similar situation
happens for the analogous constructions in Finsler geometry [6]. Second, if there
is pseudometric as fundamental metric structure of the configuration space M,
then it can be used to describe the fundamental irreversible dynamics and hence
accommodate assumption A.8 by linking the dynamics with the metric structure
of the fundamental configuration space.
The typical example of pseudometric in the category of smooth manifolds are
Randers spaces, a class of geometries originally introduced by G. Randers in an
attempt to describe the irreversibility of the universe as a fundamental property
of the spacetime arena [65]. In this work the theory of dual Randers spaces is
introduced and applied as models for deterministic, local, causal and non-reversible
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dynamics at the fundamental scale in a continuous approximated description. It is
remarkable that the same original insight Randers’s one is applied, however, in a
very different contest than the original theory [65].
Note that although the mathematical formulation of the theory that we present
in this work will be developed in terms of continuous models, the degrees of freedom
define a discrete set. Hence the probability measure µP is discrete and determined
by operations based on counting degrees of freedom in a determined way. Moreover,
the measure properties and the metric properties are logically independent. The fact
that the metric and measure structures are separated is a distinctive characteristic
of the mm-spaces [45]. This category is the natural framework for the formulation
of the theory of Hamilton-Randers dynamical systems.
Let us consider assumption A.3. That the degrees of freedom at the fundamental
scale are deterministic and localized is an assumption in confrontation with the
usual probabilistic view of quantum mechanical systems. However, in defense of
our deviated point of view, we have to admit that very few is known with certainty
of the dynamics at the fundamental scale. We also need to recognise that the
possibility to have a deterministic description is at least technically appealing.
Assumption A.4 suggests the existence of special coordinate systems associated
with sub-quantum molecules. However, the interpretation of such coordinate sys-
tems is understood once the four dimensional spacetime is introduced. In this way,
we shall show and make clear that the co-moving coordinate systems associated
with sub-quantum molecules does not have attached a direct observable meaning
and are instead, associated with macroscopic coordinate systems.
Apart from the geometric flow introduced in Assumption A.5, there is a dynamics
for the fundamental degrees of freedom introduced in Assumption A.3 associated
with the evolution respect to an external time parameter, that we shall call τ .
If the time parameter τ is discrete, this fundamental dynamics is described by
deterministic, finite difference equations. If the time parameter τ is continuous, as
we shall consider in the Assumption A.5.bis described below, then the parameter τ
will be a continuous parameter.
For each sub-quantum molecule, one of the sub-quantum atoms evolves towards
the future, while the companion evolves towards the past in the external time pa-
rameter τ . This corresponds to the symmetrization discussed before and implies to
pass from a non-reversible dynamics of sub-quantum atoms to an effective reversible
dynamics of sub-quantum molecules. The justification for this approximation re-
lies on the emergence of the quantum scale as an apparent independent dynamics
from the fundamental dynamics. That is, the external time parameter τ must be
logically independent from the internal dynamics. Therefore, the notion of future
oriented and past oriented are equally seen for a fundamental dynamical degree of
freedom.
It is relevance the choice of the local/non-local character for the interactions of
the degrees of freedom at the fundamental scale. In favour of assuming locality, we
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should say that this option has a natural geometric appealing, since it is possible
to have geometric representations of local interactions in a consistent way with
causality, but a non-local interaction is far from being understood in a causal picture
od dynamics. We think that a theory aimed to be fundamental, must be a local
dynamical theory, since in any pretended fundamental theory, there is no room left
for explaining non-locality at a more fundamental level and a theory that aims to
explain non-local phenomena needs of fundamental local explanations to be falsified
by local experiments.
However, strong constrains and deep conceptual difficulties accompany the search
for local descriptions of a sub-quantum theory, as it is implied by the experimental
violation of Bell’s inequalities in a very general situations. A possible explanation
of how the violation of Bell’s inequalities can happen is discussed in this work.
It requires the notion of emergent contextuality, to be explained in later sections.
This notion is consistent with the superdeterminism, a solution to the problem of
the violation of Bell’s inequalities recently considered by G. ’t Hooft. However, su-
perdeterminism is not an element in our explanation on how the non-local quantum
correlation happen. It is a consequence, at least in a weak form.
Assumptions A.4 and A.7 are in concordance with several current approaches
to the problem of quantum gravity. Assumption A.4 implies that the fundamental
scale is necessary in our approach. That the Planck scale is the fundamental scale
has been argued in several ways in the literature, although ultimately it is a con-
jecture. Moreover, the interpretation given to the coordinate systems introduced
in Assumption A.4 is consistent with the theory of quantum spacetime introduced
by H. Snyder [72].
Assumption A.7 does not necessarily implies the existence of a Lorentzian metric.
For instance, if M is discrete the cone structure is different than the usual light
cone of a Lorentzian spacetime. The values of these two scales (fundamental scale
and speed of light) cannot be determined currently by our theory. We will leave
this scale unfixed, except for few occasions where in favour of concreteness, we have
adopted the hypothetical case that the Planck scale is the fundamental scale (see the
discussion in Section 7) and the speed of light in vacuum as limit speed. However,
it is natural in the approximation when M is continuous that Assumption A.7 is
interpreted as that the speed of each fundamental degree of freedom is bounded by
the speed of light in vacuum.
2.7. The approximation from discrete to continuous dynamics. At this
point we should remark that, due to the way in which the notion of external time
parameter (denoted by τ -time parameter) is introduced in our theory, such param-
eters need to be discrete. The fundamental degrees of freedom are described by
discrete variables and their dynamics is also discrete, an idea compatible with the
existence of a minimal inertial coordinate difference Lmin.
Despite the discreteness that the assumptions require for the physical systems
at the fundamental scale, a more pragmatical approach is developed in this work,
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where continuous models for the dynamics are used. This is motivated by the
smallness of the fundamental scale compared with any other scales appearing in
physical systems but also by mathematical convenience. In this continuous approx-
imation, where the τ -time parameter is continuous instead of discrete, several of
the assumptions should be amended or modified as follows:
• A.1.bis. There is a smooth manifold M4 which is the model manifold of
spacetime events.
• A.2.bis. There is a configuration smooth manifold M which is endowed
with a pseudometric structure (2.8) which is at least C2-smooth on M.
• A.5.bis. The dynamics law of the fundamental degrees of freedom respect
to the τ -time parameter is deterministic and given by a system of first order
ordinary differential equations.
In the continuous approximation the rest of the assumptions remain formally
the same than in the original formulation. However, because the different cate-
gories (smooth manifold category versus discrete topological spaces category), the
implementation and the techniques that we can use are different than in the dis-
crete case. In the continuous limit, the assumption of the existence of minimal
length must be interpreted as a theoretical constraint on the kinematics, despite
that there is no indication that in the continuous limit such constraint is necessary.
Hence our continuous theory can only be considered as an effective approximation
to a fundamental discrete theory. The fact that all our observations are linked to
macroscopic devices or to quantum systems that can be represented consistently
in a 4-dimensional spacetime is motivation enough to consider a manifold struc-
ture as a convenient arena to represent quantum and classical phenomenology. We
postpone to future developments the more accurate discrete theory for dynamical
models at the fundamental scale.
2.8. The need of a maximal proper acceleration. A direct consequence of the
assumptions A.3, A.4, A.6 and A.7 is the existence of a maximal universal proper
acceleration for sub-quantum atoms and sub-quantum molecules. To show such
direct consequence we follow an adaptation of an heuristic argument developed
in [40]. Let us consider the situation when the spacetime is 1 + 1 dimensional.
Due to the fact that there is a lower bound for the difference between coordinates
of the fundamental degrees of freedom in any instantaneous inertial system (by
assumption A.4), for any elementary work δW the relation
δW := ~F · δ ~L = δ Lma,
must hold, where ~F is the external mechanical action on the sub-quantum molecule
caused by the rest of the system and is defined by the quotient
~F :=
δW
δ ~L
.
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δ ~L is the infinitesimal displacement of the sub-quantum molecule caused by the
rest of the system in the instantaneous coordinate system associated to the sub-
quantum molecule at the instant just before the sub-quantum molecule suffers the
interaction; a is the value of the acceleration in the direction of the total exterior
effort is done and the parameterm is the inertial mass of the sub-quantum molecule
S. By hypothesis A.4, it holds that δ L = Lmin. Hence we have that
δW = Lminma.
For an infinitesimal work, the change in speed is much smaller than the speed of
light, since an infinitesimal work is very small in magnitude by assumption. Then
we can use a low speed Newtonian approximation and use Newtonian mechanics of
point particles. In a instantaneous coordinate system almost co-moving with the
sub-quantum particle the infinitesimal work is given by the expression
δW = 1
2
(
δmv2max + m(δv
)2
max
) = Lminma.
According to assumption A.6 there is a maximal domain U that determines the
effect on dynamics of S, we have that δm ≤ Cm, with C a constant of order 1 that
depends on the size of U . One can imagine U as the smallest sub-lattice surrounding
the sub-quantum molecule. Hence C is a measure of the size of U respect to the
size of the sub-quantum molecule.
Assume that there is no change in the matter content of S. Then the relation
δm = 0
holds good. Since the speed of any physical degree of freedom is bounded by the
speed of light by the assumption of locality A.7, one has that
δvmax ≤ vmax = c.
Hence the maximal infinitesimal work calculated in a coordinate system instanta-
neously at rest at the initial moment with the particle produced by the system on
a point particle is such that
W = mLmin a ≤ 1
2
mc2.
This relation implies an universal bound for the value of the proper acceleration a
for the sub-quantum system S as
a ≤ c
2
2Lmin
.
Therefore, if Assumptions A.3, A.4, A.6 and A.7 hold good, it is natural to require
that the following additional assumption also holds,
• A.10. There is a maximal, universal proper acceleration for both sub-
quantum atoms and di-atomic sub-quantum molecules. The value of the
maximal proper acceleration is of order
amax ∼ c
2
2Lmin
.(2.6)
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In the continuous approximation, where the degrees of freedom follow a con-
tinuous dynamics instead of a discrete dynamics, the Assumption A.10 cannot be
derived heuristically as was done above. Hence in the continuous case Assumption
A.10 is an independent constraint to be imposed in the theory. That such kinemat-
ical theory exists at least in an effective sense and that it is indeed compatible with
the action of the Lorentz group has been shown in [40], although in such theory the
value of the maximal acceleration is not necessarily fixed by the expression (2.6).
The geometric structures that admit a maximal acceleration and a maximal
speed were called metrics of maximal acceleration [40]. They are not Lorentzian
metrics or pseudo-Riemannian metrics, but metrics defined in higher order jet bun-
dles (second bundle). However, the leading order term in a metric of maximal accel-
eration is a Lorentzian structure. In the present work, the leading order Lorentzian
structure has been adopted first, living the more precise treatment within the frame-
work of spaces with maximal acceleration for a second stage in the investigations.
We also assume that the maximal acceleration is given by an expression of the
type (2.6). The specific expression for the maximal acceleration should be obtained
by other arguments. We propose that the exact value is given by
amax =
c2
Lmin
,(2.7)
which is the centripetal acceleration for a particle in circular motion along the
smallest possible curvature radius.
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3. Hamilton-Randers dynamical systems
In this section we develop the skeleton for a theory of certain deterministic
dynamical systems. These systems are constructed following as a guideline the
assumptions discussed before. We will show that the systems constructed in this
manner full-fill all our requirements.
3.1. Geometric framework. According to assumption A.1.bis, let us consider the
4-manifoldM4 as the geometric arena where every macroscopic events are localized,
that is, it is agreed that there is a bijection between series of events constituting
observations and points of the manifold M4.
On the other hand, the configuration manifold M of the Hamilton-Randers
system is a tangent space TM such that the base manifold M is diffeomorphic
to a product manifold,
M ∼=
N∏
k=1
Mk4 ,(3.1)
with each Mk4 diffeomorphic to M4. Therefore, for the dynamical systems that
we shall consider, the configuration manifold M is the tangent space of a smooth
manifold M and is of the form
M∼= TM ∼=
N∏
k=1
TMk4 .
The dimension of the configuration manifold is
dim(M) = dim(TM) = 2 dim(M) = 8N.
For the dynamical systems that we are interested in this work we assume that
the dimension dim(TM) = 8N is large compared with dim(TM4) = 8. Note
that choosing the configuration space M as a tangent space TM instead than
the base manifold M allows to implement geometrically second order differential
equations for the coordinates of the sub-quantummolecules in a straightforward way
as differential equations defining vector fields on TM . The canonical projections
are πk : TM
k
4 →Mk4 . The vertical fiber over xk ∈ Mk4 is π−1k (xk).
The assumed diffeomorphisms in the theory are functions of the form
ϕk :M
k
4 →M4
We denote by
ϕk∗ : TxkM
k
4 → Tϕk(xk)M4
the differential map at xk and by
ϕ∗k : T
∗
ϕ(xk)
M → T ∗xkM4
the pull-back of 1-forms at ϕk(x) ∈ M4.
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The family of diffeomorphisms {ϕk : Mk4 →M4, k = 1, ...N} is not arbitrary, be-
cause for a given Hamilton-Randers system, the relations among the ϕk for different
k is not arbitrary, but related with the system itself.
Each of the sub-quantummolecules is labeled by a natural number k ∈ {1, ..., N}.
The configuration manifold TMk4 is the configuration manifold for the k-th sub-
quantum molecule. Locally each point in the tangent space TMk4 is described by
four spacetime coordinates (ξ1, ξ2, ξ3, ξ4) of the point ξ(k) ∈ Mk4 and four inde-
pendent velocities coordinates (ξ˙1, ξ˙2, ξ˙3, ξ˙4) ∈ TξMk4 .
Although it is possible to consider more general configuration manifolds for
the description of the dynamics of other degrees of freedom of the sub-quantum
molecules, in this work only spacetime configuration manifolds are investigated.
This attitude is based on the following grounds. Although other properties as spin
and other quantum numbers are associated with the quantum description of el-
ementary particles, it is remarkable that in quantum mechanics measurements of
observables are ultimately reduced to local position and time measurements. Hence
we adopt the point of view that all possible measurements of observables can be re-
duced to the detection of spacetime events and its consequent interpretation. Note
that this is a four covariant point of view.
One of our goals is to investigate the possibility of emergence of spacetime.
Since the macroscopically spacetime arena appears to be well described by a four-
dimensional manifold, it is natural to assume that the configuration manifold Mk4
for each sub-quantum molecule is also a four-manifold. Hence the geometry of four-
manifolds is our basis for the formulation of the dynamical models, as a first step
towards a more general formalism. It is taken as an hypothesis, that the dimension
of spacetime is four.
3.2. Diffeomorphism invariance of the theory as a consistence require-
ment for the interpretation. Given M4 and the collection of four-manifolds
{Mk4 }Nk=1, there is also a collection of diffeomorphisms
Υ := {ϕk :Mk4 →M4, k = 1, ..., N}.(3.2)
This is consistent with the assumption A.4, stating that each of the N degrees
of freedom are indistinguishable and identical. Since a macroscopic observer can-
not identify the detailed evolution of the sub-quantum molecules and because the
selection of the diffeomorphisms ϕk is not fixed by the theory (in principle, only re-
lations between diffeomorphsims are fixed), one can choose another arbitrary family
of diffeomorphisms,
Υ˜ := {ϕ˜k :Mk4 →M4, k = 1, ..., N}.
ϕ˜k is related with ϕk by a diffeomorphism ϕktran ∈ Diff(M4), defining the family
of global diffeomorphisms
Tran := {ϕktran :M4 →M4, ϕ˜k ◦ ϕk−1, k = 1, ..., N},(3.3)
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where Diff(M4) is the group of global diffeomorphisms of M4. It is clear that
Trank ∼= Diff(M4) for each k = 1, ..., N .
Since in the theory each of the sub-quantum molecules are independent from
each other, the theory must be invariant under the action of the group
Diff(M) =
N∏
k=1
×Diff(M4),
where the group action is defined as before by the family (3.3). Thus the diffeo-
morphism group Diff(M4) emerges as a particular sub-group of Diff(M).
The algebra of functions FD(T ∗TM) on T ∗TM that we shall consider is the
algebra of diagonal smooth functions, obtained by a diagonal embedding,
θ : F(T ∗TM4)→ F(T ∗TM), f 7→ (f1, ..., fN ), fk = f0 k = 1, ..., N(3.4)
such that f0 : T
∗TM4 → R is a real function on T ∗TM4. Note that we have
adopted the real numbers (R,+, ·) as number field to be used in the construction
of the dynamics. However, other number fields, in particular discrete fields, should
also be considered.
The restriction to the diagonal algebra of functions is motivated by our assump-
tion that the sub-quantum degrees of freedom are identical. It cannot be any
observable difference by permutation of sub-quantum degrees of freedom. In this
way, the admissible functions on T ∗TM are modeled on the functions defined on
T ∗TM4. This includes all the possible observables of the theory, that by definition,
will be invariant under the group of diffeomorphisms Diff(M4). Indeed, we can see
Diff(M4) as the diagonal group
Diff(M4) ∼= Diag
(
N∏
k=1
×Diff(M4)
)
.
In particular, the group diffeomorphism of the theory is Diff(M4) and not Diff(M).
The freedom in the possible choices for the diffeomorphisms ϕk can be seen as
an ambiguity of our theory, similar to the gauge freedom that appears in gauge
theories. This problem is solved automatically if we impose that all macroscopic
observable quantities defined by our theory must be independent of the details of
the sub-quantum description. However, this is only partially true, since given a
physical systems, constraints will exists among different diffeomorphisms ϕk.
The underlying reason supporting this assumptions is that macroscopic observ-
ables are always defined in terms of classical terms, which are insensitive to the
sub-quantum degrees of freedom and their details. Moreover, the quantities must
be independent of any arbitrary permutation on the sub-quantum molecules. Since
this permutations can be described by the action of diffeomorphisms ofM4, then the
macroscopic description must be invariant under Diff(M4), in which case Diff(M4)
is a symmetry of the theory. This consistence requirement constraints the mathe-
matical formalism and shapes the physical content of the theory.
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3.3. Measure and metric structures. The expectation values of diagonal func-
tions f ∈ FD(T ∗TM) are of physical relevance. Since such averages describe macro-
scopic observable quantities, they should not depend upon the particular choice of
the collection of diffeomorphisms {ϕk}Nk=1. Such invariance is achieved if the prob-
ability measure µP used in the averages in T
∗TM is a product measure,
µP =
N∏
k=1
µP (k),(3.5)
where µP (k), k = 1, ..., N is a Diff(M
k
4 )-invariant probability measure defined on
TMk4 and since Diff(M
k
4 )
∼= Diff(M4), they are invariant under the transformations
induced by the Diff(Mk4 )-invariant.
Metric structures. The four-manifold M4 is endowed with a Lorentzian met-
ric η4 of signature (1,−1,−1,−1). Moreover, for each k ∈ {1, ..., N} there is a
Lorentzian metric η4(k) on M
k
4 and we assume that each of the Lorentzian struc-
tures {(Mk4 , η4(k))}Nk=1 is isometric to the Lorentzian model (M4, η4). The Levi-
Civita connection of η4(k) determines a horizontal distribution in a canonical way
(see for instance [58], Chapter 2). Given such standard distribution, there is defined
a pseudo-Riemannian metric η∗S(k) on TM
k
4 (the Sasaki-type metric), which is the
Sasaki-type lift of the metric ηk4 on M
k
4 to TM
k
4 by the distribution associated with
the Levi-Civita connection. Then there is defined a metric η∗S on TM , which is
given by the relation
η∗S =
1
N
⊕Nk=1 η∗S(k), k = 1, ..., N.(3.6)
This metric defines the causal structure of the Hamilton-Randers space. The dual
metric of η∗S(k) is the dual pseudo-Riemannian metric ηS(k) = (η
∗
S(k))
∗ The dual
Sasaki-type metrics {ηS(k)}Nk=1 allows to define the dual pseudo-Riemannian met-
ric3
η =
1
N
⊕Nk=1 ηS(k).(3.7)
on the 16N -dimensional cotangent space T ∗TM .
Measures. The construction of an invariant measure µP on TM and other as-
sociated measures is presented in the following lines. The Lorentzian metric η4
allows to define a Diff(M4)-invariant volume form dvolη4 on M4 in a canonical way,
namely, as the form
dvolη4 =
√
− det η4 dx1 ∧ dx2 ∧ dx3 ∧ dx4.(3.8)
Moreover, it is possible to define an Diff(M4)-invariant vertical form dvolk(yk) on
each fiber π−1k (x(k)),
d4zk =
√
− det η4 dy1 ∧ dy2 ∧ dy3 ∧ dy4,(3.9)
3Note that the use of ∗-notation for dual metrics and norms here is partially the converse
respect to the usual notation in Riemannian geometry. For instance, η∗
S
is a metric on TM4,
while ηS is a metric in T
∗M4.
28 EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY
Then we can provide an explicit expression for the measure µ˜P on TM ,
µ˜P =
N∏
k=1
√
− det ηk4 d4zk ∧ dvolη4 .(3.10)
The measure in T ∗TM is then
µ =
N∏
k=1
(
d4zk ∧ dvolη4
)♯
,(3.11)
where each
(
d4zk ∧ dvolη4
)♯
is the canonical associated volume form defined on
T ∗TMk4 , by direct use of Darboux’s theorem. The measure (3.10) is invariant
under diffeomorphisms of T ∗TMk4 induced by diffeomorphisms of M4.
The measure (3.11) can be pull-back to submanifolds of TM . In particular, it
can be concentrated along the world line curves of the sub-quantum degrees of
freedom. In this case, a delta function with support on the k-esim world line on
Mk4 . Thus the probability measure that we shall use is of the form
µ˜P =
N∏
k=1
δ(x− ξk) d4zk ∧ dvolη4 ,(3.12)
where ξk is the coordinates of the k-essim sub-quantum molecule.
3.4. Deterministic dynamics for the fundamental degrees of freedom.
Given this differential geometric setting, the dynamical systems that we shall con-
sider are systems of ordinary first order differential equations of the form
dξµk
dt
= γµxk(ξ, ξ˙, t),
dξ˙µk
dt
= γµyk(ξ, ξ˙, t), µ = 1, 2, 3, 4; k = 1, ..., N.(3.13)
This is an 8N -dimensional coupled system of ordinary differential equations. In
order to determine locally the solutions, it is necessary and sufficient to know the
initial conditions {ξµk (0), ξ˙µk (0)}N,4k=1,µ=1.
The equations of motion (3.13)-(3.14) are equivalent to 4N second order differ-
ential equations of semi-spray type [62]. Indeed, our formalism naturally accommo-
dates the first Newton’s law of the dynamics in the description of each sub-quantum
molecule dynamics. This is because we impose the on-shell condition
ξ˙µk =
dξµk
dt
µ = 1, 2, 3, 4; k = 1, ..., N.(3.14)
Let us remark the following geometric fact. The equations (3.13)-(3.14) are
written in local coordinates. In order to be consistent with local coordinates trans-
formations on M induced by changes in the local coordinates of M4, the functions
γµxk, γ
µ
yk : TM
k
4 → R
must transform conveniently. In particular, we assume that the constraints (3.14)
and the dynamical equations (3.13) are formally the same in all the induced local
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coordinate systems on TM ,
dξ˜µk
dt
= γµxk(ξ˜,
˙˜ξ, t),
d
˙˜
ξµk
dt
= γµyk(ξ˜,
˙˜xi, t),
˙˜
ξµk =
dξ˜µk
dt
µ = 1, 2, 3, 4; k = 1, ..., N.
Thus under local coordinate changes of the form
(ξµk , ξ˙
µ
k ) 7→
(
ξ˜µk (ξk),
∂ξ˜µk
∂ξρk
ξρk
)
,
the functions γµxk, γ
µ
yk must transform as
γ˜ρk =
∂ξ˜µk
∂ξρk
γρk(3.15)
and
γ˜µky =
dγ˜µk
dτ
=
d
dτ
(
∂ξ˜µk
∂ξρk
γρk
)
=
∂x˜µk
∂xρk
dγρk
dτ
+
∂2 x˜µk
∂xρk ∂x
σ
k
dxρk
dτ
γρk
=
∂x˜µk
∂xρk
γρky +
∂2 x˜µk
∂xρk ∂x
σ
k
γσkx(x) γ
ρ
k .(3.16)
We will show that there are two mathematical theories that can be used to
describe dynamical systems of the type (3.13). The first of them is the geomet-
ric theory of Hamilton-Randers spaces and the second is the quantized theory of
Hamilton-Randers spaces as an example of Koopman-von Neumann theory of dy-
namical systems. We will develop in this section 3, section 4 and section 5 of
emergent quantum mechanics based on the mathematics and an extended dynam-
ics of these dynamical systems (3.13)-(3.14).
3.5. Notion of Hamilton-Randers dynamical systems. The first mathemat-
ical formalism for the dynamical systems (3.13) that we consider in this work is
a geometric formalism, based on the formal combination of two different notions
from differential geometry, generalized Hamilton space and the notion of Randers
space. The notion of generalized Hamilton space is almost literally taken from
the corresponding notion as it appears in differential geometry [62]. The notion of
Randers space as it appears in standard treatments [65, 6] is, however, taken in
a more formal way. The relevance of these spaces in the contest of deterministic
dynamical systems is due to the formal properties of the corresponding kinematics,
namely, existence of a causal structure and the existence of a maximal acceleration,
properties which are of fundamental value to prove further important consequences
and properties of Hamilton-Randers dynamical systems, as we shall show in the
next sections.
Notion of generalized Hamilton space. Let M˜ be a smooth manifold, D ⊂
30 EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY
T ∗M˜ a connected, open sub-manifold of T ∗M˜ and D¯ the topological closure of D
respect to the manifold topology.
Definition 3.1. A generalized Hamilton space is a triplet (M˜, F,D) such that the
function
F : D¯ → R+ ∪ {0}
has the following properties:
• It is positive homogeneous of degree zero on each of the p-coordinates,
• It is smooth on the open submanifold D →֒ T ∗M˜
The function F is the generalized Hamiltonian function. The vertical Hessian
of F 2 is the fundamental tensor gij . In terms of local natural induced coordinates
{(T ∗U˜ , (ui, θj)), i, j = 1, ..., dim(M˜)} on T ∗M˜ the fundamental tensor components
are given by the expression
gij(u, θ) =
1
2
∂2F 2(u, θ)
∂θi∂θj
.(3.17)
Note that under local coordinates transformations of M˜ , the coordinates θj trans-
form tensorially as components of a 1-form. Later we shall introduce another set
of local coordinates (called p-coordinates) on each fiber over u ∈ M˜ on the rel-
evant co-tangent spaces describing our dynamical systems that do not transform
tensorially, that have a relevant physical interpretation.
In order to recover the system of differential equations (3.13) from a Hamiltonian
flow associated with F (u, θ), we restrict to case when the configuration space M
is a tangent space TM , the generalized Hamiltonian function F must be globally
defined on D, but not necessarily in the whole T ∗TM . There is a restriction on
the domain of definition of the Hamiltonian F to the submanifold D¯ instead of
being defined in the whole slit cotangent space T ∗TM \ {0}. This restriction is
due to the possible singularities of the theory. It has associated a causal structure
as discussed in section 2. It is a direct consequence from this definition that the
topological closure of D is
D¯ = {(u, θ) ∈ T ∗TM s.t. F (u, θ) = 0}.
It is also direct that
D¯ =
⊔
u∈TM
D¯u.
One can compare our notion of generalized Hamilton space with the correspond-
ing notion developed in [62]. Our notion is an hybrid between the definition of
those authors for Hamilton space and for generalized Hamilton space. Note that in
our definition it is required the homogeneity property respect to the θ-coordinates.
This is because then the Hamilton equations associated to F coincide with the auto-
parallel curves of a non-linear connection associated to F . This brings a natural
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geometric interpretation for the Hamiltonian dynamics [7, 62], providing a geomet-
ric covariant formulation for the dynamics of Hamilton-Randers systems.
Notion of pseudo-Randers space.
Definition 3.2. In the category of Finsler spaces with Euclidean signature, a Ran-
ders structure on a manifold M˜ is a Finsler structure such that the associated
Finsler function is of the form
F ∗ : TM˜ → R, (u, z) 7→ α∗(u, z) + β∗(u, z),
with α∗(u, z) being the Riemannian norm of z ∈ TuM˜ determined by a Riemannian
metric η∗, while β∗(u, z) is the result of the action 1-form β∗ ∈ ΓT ∗M˜ on z.
The condition
α∗(β∗, β∗) < 1(3.18)
must be satisfied. This condition (3.18) implies the non-degeneracy and the posi-
tiveness of the associated fundamental tensor (3.17). The proofs of these properties
are indicated for instance in [6]. In Finsler geometry, the non-degeneracy of the
fundamental tensor is an analytical requirement for the construction of associated
connections and also, for the local existence of geodesics as extremals of an action
or energy functional.
We now consider the analogous of a Randers structure in the category of gen-
eralized Hamiltonian functions on the configuration space TM whose fundamental
tensors (3.17) are non-degenerate and have indefinite signature. In this case the
domain of definition of the Hamiltonian function F should be restricted, since it is
not possible to have a well defined Hamilton-Randers function on the whole cotan-
gent space T ∗TM . This is because η is a pseudo-Riemannian metric and it can take
negative values on certain regions of T ∗uTM , in which case the function α(u, θ) is
purely imaginary. The collection DTu of timelike momenta over u ∈ TM is defined
by the set of co-vectors θ ∈ T ∗uTM such that
α(u, θ) =
8N∑
i,j=1
ηij(u) θi θj > 0.(3.19)
Under local coordinate transformations, the coordinates θi transform covariantly
under local coordinate transformations on the fiber induced by local coordinate
transformations in the spacetime manifold M4.
The definition domain of a Hamilton-Randers function is restricted to be the
topological closure of the open submanifold DT of timelike momenta. This is indeed
a cone: if θ ∈ DTu, then λ θ ∈ DTu for λ ∈ R+. Also, DTu is the pre-image of
an open set (0,+∞) by the Randers type function F (u, θ), which is continuous
function on the arguments. Therefore, DTu is an open sub-manifold of T ∗uTM .
The notion of pseudo-Randers space is formulated in terms of well defined geo-
metric objects, namely, the vector field β ∈ ΓTTM and the pseudo-Riemannian
norm α. Because of this reason, a metric of pseudo- Randers type will be denoted
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by the pair (α, β).
Notion of Hamilton-Randers space. Let β ∈ ΓTTM be a vector field such
that the dual condition to the Randers condition (3.18)
|η∗(β, β)| < 1, β ∈ ΓTTM(3.20)
holds good.
Definition 3.3. A Hamilton-Randers space is a generalized Hamilton space whose
Hamiltonian function is of the form
F : DT → R+, (u, θ) 7→ F (u, θ) = α(u, θ) + β(u, θ).(3.21)
with α =
√
ηij(u)θiθj real on DT ⊂ T ∗TM and where
β(u, θ) =
8N∑
i=1
β˜i(u)θi,
such that β is constrained by the condition (3.20).
A Hamilton-Randers space will be denoted by the triplet (TM,F,DT ). The
space of Hamilton-Randers structures on TM will be denoted by FHR(TM). The
function F is the Hamiltonian function of a sub-quantum atom.
Although in Hamilton-Randers dynamical systems the sub-quantum atoms fol-
low auto-parallel equations of the non-linear connection, that coincide with Hamil-
ton equations of F , the sub-quantum molecules will not follow geodesics of the
Hamiltonian F . We will introduce the Hamiltonian function for sub-quantum
molecules later, as a result of a time symmetrization operation acting on the Hamil-
tonian F . Indeed, the dynamics of the sub-quantum molecules heritages several
important characteristics from the dynamics of sub-quantum atoms. In particular,
we shall argued the existence of an uniform upper bound for the proper acceleration
and the existence of an induced non-trivial causal structure for both sub-quantum
atoms and molecules. Furthermore, it is also clear that in a geometric setting
of Hamilton-Randers systems, the covariant manifestation of bounding speed also
implies bounding the proper acceleration.
3.6. Postulate on the existence of a geometric flow Ut. Let us now consider
Assumption A.5 in the framework of Hamilton-Randers structures FHR(TM). Us-
ing the geometric structures already incorporated in a Hamilton-Randers model
understood as in definition 7.5, we postulate the existence of a geometric flow Ut
Ut : FHR(TM)→ FHR(TM).
The flow it is assumed to be geometric, that is, given in terms of geometric equations
involving the geometric structures defined on TM only. Such a flow induces another
geometric flow (also denoted by Ut) on the topological closure D¯T . In order to
accommodate this flow to the characteristics of the dynamics of the sub-quantum
degrees of freedom, and specifically to Hamilton-Randers spaces, it is required that
the flow has the following general properties,
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(1) There exists a r-parameter family of connected submanifolds
{Eu(r) →֒ T ∗uTM, u ∈ TM, r ∈ R+}
which are invariant under the Ut flow.
(2) The dynamics of the connected components of the r-hyperboloid
Σu(r) := {θ ∈ T ∗TM s.t. F 2(u, θ) = r2}
by the t-dynamics has as limit when t → nT , n ∈ N a Lorentzian hyper-
boloid 〈Σu(r)〉, for an appropriate choice of the t-parameter.
The second of these properties suggests to introduce the domain D0 ⊂ T ∗TM
containing the points corresponding to the evolution at the instants
{t = nT, n ∈ Z} ⊂ D0.(3.22)
This open domain D0 will be called the metastable equilibrium domain. The exis-
tence of the domain D0 can heuristically be argued from the existence of maximal
acceleration and maximal speed in Hamilton-Randers dynamical systems. It fol-
lows from (3.20) that prevents the system to stay for a long t-time far from the
metastable equilibrium domain. After the system leaves D0 during the Ut flow,
a process of expansion in phase space T ∗TM starts until the dynamical system
reaches a non-expanding phase, again in D0 domain. We make therefore the fol-
lowing additional assumption, partially substituting our original Assumption A.5
on the dynamics of the fundamental degrees of freedom,
Assumption A.5.bis. The Ut flow of a Hamilton-Randers systems is composed by
fundamental cycles. Each cycle is composed by an ergodic regime, a concentrating
regime and an expanding regime. The semi-period T of each cycle depends on the
particularities of the physical system. For stationary systems, the period is con-
stant.
To specify the Ut dynamics with the required properties is an open problem in
our approach. Therefore, the assumptions about Ut can only be considering work-
ing assumptions.
3.7. Properties of the Ut flow. Given the generalized Hamilton-Randers space
(TM,F,DT ), it is possible to define a Riemannian structure h ∈ ΓT (2,0)TM by
averaging the fundamental tensor components gij(u, θ) on each Σu(1). The tensor
components hij are obtained by averaging the metric coefficients gij(u, θ) on the
open cone Eu at u ∈ TM ,
hij(u) :=
1∫
Eu
f(u, θ) dvolEu(θ)
∫
Eu
dvolEu(θ) f(u, θ) g
ij(u, θ), i, j = 1, ..., 8N,
(3.23)
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dvolEu is the volume form on the hyperboloid Eu. This unit hyperboloid is defined
by the condition
α(u, θ) = ηij(u) θi θj = 1.(3.24)
f : E → R is a positive weight function of norm unity with L1(Eu)-norm for each
u ∈ TM .
The unit hyperboloid Eu is non-compact. This makes non-trivial the problem
of finding a pull-back volume form dvolΣu (θ) such that the integrals in (3.23) are
well defined, one of the reasons to introduce the weight function f : E → R.
Alternatively, since there is homogeneity of the functions gij(u, θ) respect to the
θ-coordinates, one could regularize Eu imposing a particular ultraviolet cut-off and
define a volume form and volume function in the regularized manifold and then
taking the limit appropriately.
When the average procedure is applicable, then the squared norms h(u, θ) and
g(u, θ) are defined by the expressions
h(u, θ) = hij(u) θiθj , g(u, θ) = g
ij(u, θ) θiθj = F
2(u, θ).
We assume that this is the case, and that the average operation is well defined.
Definition 3.4. The Ut dynamics in the interval [0, T ] ⊂ R is a geometric flow of
the form
Ut : FHR(TM)→ FHR(TM),
F 7→ Ft =
√
κ(u, θ, t, τ)h(u, θ) + (1 − κ(u, θ, t, τ)) g(u, θ),
(3.25)
such that the function κ : FHR(TM)× [0, T ]→ [0, 1] satisfies the boundary condi-
tions
lim
t→0+
κ(u, θ, t, τ) = 0, lim
t→T−
(κ(u, θ, t, τ) − 1) = 0.(3.26)
Hence the Ut-flow determines an homotopy transformation in the space FHR(TM).
Note that in this definition t ∈ [0, T ], instead of t ∈ R, in concordance with the
assumption that the dynamics becomes almost-periodic with semi-period T .
Under some restrictions, this general definition of the Ut dynamics full-fill in-
terpolation the general properties (1) and (2) of the flow Ut. Let us assume the
property
κ(u, θ, t, τ) = κ(t, τ),(3.27)
From now on, we assume the condition (3.7). Then it is relatively easy to check
that each Finsler structure in the collection {Ft(u, θ), t ∈ [0, T ]} has the same
average metric hij(u). First, if the condition holds good, then the corresponding
fundamental tensor of Ft(u, p) is
gijt (u, θ) =
F 2t (u, θ)
∂θi∂θj
= 〈(1− κ(t, τ)) gij + κ(t, τ)hij(u)〉.
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Then we have the following invariance property:
〈gijt (u, θ)〉 = 〈(1− κ(t, τ)) gij + κ(t, τ)hij(u)〉
= (1− κ(t, τ))〈gij〉+ κ(t, τ) 〈hij(u)〉
= (1− κ(t, τ))hij + κ(t, τ)hij(u)
= hij .
The second property (2) is also a direct consequences from the above considerations.
Due to the proposed structure of the Ut flow, there is a domain where Ut corre-
sponds to the identity. This domain is the metastable domain D0. In such domain,
the underlying pseudo-Randers structure is the affine average metric h, or a very
close geometric structure. That is, in the domain D0 one can effectively approx-
imate the metric structure by h. The reason to call this domain metastable is
because it is stable only for a period of t− time, after which, the system starts an
expanding regime evolution in phase space, with an associated Ut different from
the identity.
Let us consider the convex hull Chg ⊂ FHR(TM) containing g and h,
Chg := {F ∈ FHR(TM) s.t. gF = t1 g + t2 h, t1 + t2 = 1, t1, t2 ≥ 0} ,
where gF is the fundamental tensor of F . Then we have that
Proposition 3.5. Every Hamilton-Randers structure F in the convex hull Chg
containing g and h evolves towards the averaged structure h ∈ ΓT (2,0)TM under
the action of the flow (3.25) is such that
lim
t→T
Ut(F ) =
√
h(u, θ), ∀F ∈ Chg.(3.28)
Proof. For any F ∈ Chg has the same averaged metric,
〈gF 〉 = 〈 t1 g + t2 h〉 = t1h+ t2h = h.
Then we have
lim
t→T
Ut(F ) = lim
t→T
√
κ(t, τ)h(u, θ) + (1− κ(t, τ)) gF (u, θ)
= lim
t→T
√
κ(t, τ)h(u, θ) + (1− κ(t, τ)) gF (u, θ)
=
√
h(u, θ).

Hence the Ut-flow is dissipative in FHR(TM), since many structures in FHR(TM)
evolve to the same final structure h, with many metric in with the same final aver-
age limit h. The collection of metrics F ∈ FHR(TM) defines the equivalence class
of metrics [h]. This motivates the following definition,
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Definition 3.6. Two Hamilton-Randers structures (TM,F1,D1) and (TM,F2,D2)
are equivalent if they have the same metaestable limit (TM,Fi)→ (TM, h), i = 1, 2
under the Ut flow.
The limit space (TM, h) defines the equivalence class [h].
3.8. Interpretation of the t-time parameter and the semi-period T . The
t-time scale parameter T , which is the semi-period of a given fundamental cycle,
depends on each particular physical system. The t-time parameters are not observ-
able quantities. In particular, in Hamilton-Randers theory there is no geometric
structure on TM that can be used to define an internal t-time parameter. Hence
the models that we need to construct must be invariant under specific t-time re-
parameterizations.
However, the t-parameters cannot be fully arbitrary, because the inverse of the
semi-period T for the Ut dynamics is related with the type of physical system, by
assumption. Thus we need to make precise the relation between the semi-period T
and some of the characteristics of the system. This relation is postulated to be of
the form
log
(
T
Tmin
)
= α
Tminmc
2
~
,(3.29)
for free quantum systems, where α is a positive constant independent of the t-time
parameter. Tmin is an universal scale that corresponds to the minimal period of
fundamental cycles of any physical system. The value of Tmin depends on the
choice of the arbitrary t-parameter but when this choice has been done, it is the
same for all the Hamilton-Randers systems. The t-time re-parameterizations must
leave invariant the ratio T/Tmin. As a consequence, m is a coefficient that will be
associated with the system.
The relation (3.29) is assumed to be valid at leading order in T , with corrections
that are small when T is large compared with Tmin. If relation (3.29) holds, then
the semi-period depends on the mass parameter m, such that larger values of the
parameter m is associated with larger values of the semi-period T . This can be in-
terpreted as the increase of allowable phase-space per number of degrees of freedom
as the system increases with the size of the system.
It is through the expression (3.29) that we introduce in Hamilton-Randers the-
ory the constant ~ with dimensions of action, that makes the quotient on the right
hand side invariant under conformal changes of units in the t-time parameter. ~
is identified with the reduced Planck constant and implies the introduction of an
additional scale apart from the scale associated to Tmin. Also, note that the quan-
tity mc2/~ has the same physical dimension than a period of time, but it is not the
semi-period T associated to the quantum system. Neither it is the Planck time,
since the mass m does not corresponds to the Planck mass in general.
From now on we adopt t-time parameters such that α = 1, achievable by a
convenient re-definition of ~. Then from the above relations, there is no reason to
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adopt Tmin as the Planck time. Indeed, as we shall discuss in later in relation with
our interpretation of quantum entanglement from the point of view of Hamilton-
Randers theory, for the models that we shall discuss and consider as related with
quantum systems, the parameter Tmin must be much larger than TPlanck.
It is useful to re-cast the relation (3.29) as a definition of the mass parameter m
in terms of the semi-period T of the fundamental cycle.
Definition 3.7. The mass parameter m of a quantum elementary particle with
fundamental semi-period T is postulated to be given by the relation
m =
~
Tmin c2
log
(
T
Tmin
)
.(3.30)
The mass parameter m is necessarily positive. Since the semi-period T is an
attribute of the physical system under consideration, the massm is also an attribute
of the system that increases with the complexity of the system. In particular, it
increases as the semi-period ‘parameter T increases.
If the parameter m is an observable of the system, then it must be independent
of the choice of the allowable t-time parameter. Hence it is necessary for the ratio
T/Tmin to be independent of such choice too.
Two limiting cases are of special interest. If T = Tmin holds, then the mass
parameter is zero, m = 0. This case describes Hamilton-Randers systems corre-
sponding to quantum massless particles. All massless quantum systems have the
same semi-period T = Tmin. The second limit is when T → +∞, which corre-
sponds to the limit m → +∞. This situation corresponds to a Hamilton-Randers
systems describing a system with infinite mass system.
Let us finally remark that quantization of mass is directly linked with the exis-
tence of a discrete set of allowed periods 2T , by direct application of (3.30).
3.9. Periods for composite Hamilton-Randers systems. Given two Hamilton-
Randers systems a, b with semi-periods Ta and Tb, we can define the joint Hamilton-
Randers system a ⊔ b associated to a physical system described the sub-systems a
and b such that they do not interact between them, or if they interact, such in-
teraction can be considered negligible. For the quantum mechanical description
such physical states are described by elements of the tensor product of the cor-
responding Hilbert spaces. From the point of view of Hamilton-Randers theory,
there is an associated semi-period Ta⊔b, given in terms of Ta and Tb as follows. If
the sub-quantum molecules that define the quantum system a do not interact with
the sub-quantum molecules that define the quantum system b and the correspond-
ing structures are (Ma, (αa, βa)) and (Mb, (αb, βb)) respectively, then the Randers
structure for the system a ⊔ b is
(Ma ×Mb, (αa ⊗ αb, βa ⊗ βb)) .
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If the systems a and b do not interact and the corresponding semi-periods are Ta
and Tb, then we assume that the semi-period for a ⊔ b is given by the relation
Ta⊔ b := 2Ta Tb.(3.31)
For instance, the semi-period of a system composed by two identical non-interacting
electrons is the product of semi-periods 2T 2e , if the system is e⊔e⊔e...⊔e N times,
then the semi-period of the system is 2N Te, etc...
From the relation (3.31) the massM and the semi-period T given by the relation
(3.29) the mass of a composed non-interacting system a ⊔ b is
Ma⊔ b = Ma + Mb,(3.32)
which shows the additivity of inertial mass parameterM for non-interacting Hamilton-
Randers systems. Also, it shows that semi-periods are larger for larger systems.
Thus large systems are not very precise clocks, where the notion of clock is as
discussed before.
We need a model for the semiperiods in terms of the properties of a given
Hamilton-Randers system compatible with the relations (3.29), (3.31) and of uni-
versal character, applicable to any Hamilton-Randers system. The fundamental
characteristic of a Hamilton-Randers system is the number of sub-quantum degrees
of freedom. Base on these premises, let us consider the model where the semi-period
of a Hamilton-Randers system a is defined as
Ta
Tmin
:=
T (Na)
Tmin
= Nβa ,(3.33)
where β is a positive constant that does not depend upon the specific Hamilton-
Randers model, neither on the number of sub-quantum degrees of freedom Na.
Then it is direct that Ta is a measure of the complexity of the system and the
model is consistent with the relations (3.29), (3.31). Note that the coefficient β,
being positive, can be absorbed in the definition of the constant ~. Hence it can be
re-defined to be β = 1.
Another model for the semi-period of a Hamilton-Randers system describing the
joint system Ta⊔ b is given by arithmetic multiplicative function. A multiplicative
function
Θ : Z→ R, a 7→ Θ(a), a = 2, 2, 3, ...,
such that the condition
Θa⊔ b = Θ(a)Θ(b)(3.34)
holds good for any a, b ∈ Z relative primes. A complete multiplicative function is
when the relation (3.34) holds for any pair of integers a, b [3, 48]. In the case Θ
is multiplicative but not completely multiplicative, we could assume that for large
numbers enough, the multiplicative rule approximately holds good in the presence
of interactions between the parts a and b. An example of such almost complete
multiplicative function is the Euler’s totient function, which is given by the number
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of positive relative primes to a given a and less than a. An analytic expression of
the totient function is
Na 7→ ϕ(a) = Na
∏
p|Na
(
1− 1
p
)
,
where p is a prime number appearing in the decomposition of Na. From this expres-
sion one observes that for large numbers a, b, the corrections to the multiplicative
rule (3.34) are small compared with the multiplicative terms. Thus the Euler’s
totient function is almost complete multiplicative.
Euler’s totient function serves to model the semi-periods of Hamilton-Randers
systems if we promote
T (Na)
Tmin
= ϕ(Na),
where Na is the number of sub-quantum degrees of the Hamilton-Randers system.
This model for the semi-period can be applied to any natural number Na, but it
consistent with the relations (3.29), (3.31) only in the limit where the numbers Na
are product of large primes and only in approximate way. For prime numbers pa,
the consistency is exact.
3.10. Conservation of the mass parameter. In both models, one has the fol-
lowing interpretation for the conservation of mass m in any quantum system: the
number of degrees of freedom is preserved. Thus the preservation of the mass pa-
rameter m is equivalent to the preservation of the number of degrees of freedom of
the system.
The parameter m, under this assumption of conservation, should be interpreted
as an conserved quantity. In relativistic physics this is for instance the s-parameter,
but not necessarily the total inertial mass. However, for elastic processed of the
form a → a, the physical meaning of the mass parameter m coincides with the
meaning of inertial mass.
3.11. Emergence of the quantum energy-time uncertainty relation. The
relation (3.29) cannot be a quantum energy-time uncertainty relation, since the t-
parameter is not an external time parameter. Moreover, the relation of m with T is
given by the logT instead than linear with T−1 as one could expect formally. This
is indeed a significant difference with the quantum energy-time uncertainty relation.
Furthermore, according with the relation (3.29) m increases monotonically with T .
However, if we consider the variation of the parameter m due to a variation of
the period 2T in the relation (3.29), we have that
∆
(
mc2
)
=
~
Tmin
∆T
T
.
The expression mc2 is the energy of a system measured by an observer co-moving
with the inertial system at rest in a relativistic theory and since ∆T/Tmin ≥ 1,
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then
∆E T ≥ ~(3.35)
with the spread of energy defined as
∆E = ∆(mc2) = ∆(m) c2.(3.36)
Thus we see that a variation of the rest energy E of the system is related with
T−1. ∆E can be interpreted as the minimal exchange of energy between the quan-
tum system and the environment, measured in an instantaneous inertial reference
frame in co-motion with the system just before changes to another different state
or it decays to another different class of quantum particle or quantum state. This
exchange of energy can be associated to the uncertainty in the energy of the system.
Another interpretation of the relations (3.35) and (3.36) is the following. If T is
interpreted as a measure of the life-time of the quantum system, then the relation
(3.35) can be seen as the energy-time uncertainty relation in quantum mechanics.
In this case, ∆E is the width on energy of the quantum system, which is an intrinsic
parameter of the system, emergent from the underlying sub-quantum dynamics.
Note that in this both interpretations are applied to relativistic models.
3.12. t-time inversion operation. The parameter t ∈ R is interpreted as the
time parameter for an internal dynamics of the system. The time inversion opera-
tion Tt is defined in local natural coordinates on T ∗TM by the operator
Tt : T ∗TM → T ∗TM,
(u, p) = (x, y, θx, θy) 7→ (Tt(u), T ∗t (p)) = (x,−y,−θx, θy).
(3.37)
This operation does not depend on the choice of the coordinate system: if the
relation (3.37) holds in a given natural coordinate system, it holds in any other
natural coordinate system on T ∗TM . It is also invariant under positive oriented
re-parameterizations of the t-time parameter.
The induced action of Tt on an element F ∈ FHR(TM) is given by the expression
Tt(F )(u, θ) := F (Tt(u), Tt(θ)).
Note that a Hamilton-Randers metric is non-reversible in the sense that
F (u, θ) 6= F (Tt(u), Tt(θ))
except for a subset of measure zero in T ∗uTM . From this relation the intrinsic
irreversible character of the Randers geometry follows. Also, from the definition of
α and β in the form of the Randers function, it follows that
Tt(α) = α,(3.38)
Tt(β) = −β.(3.39)
However, we assume that Tt commutes with the Ut dynamics,
[Ut, Tt] = 0, ∀ t ∈ [0, T ] ⊂ R.(3.40)
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This commutation relation and some further additional constraints implies that if
h is invariant under Tt, thenTt(F ) and F are in the same equivalence class [h]. We
can check this property by performing the explicit calculation of Tth,
Tt(h) = Tt( lim
t→T
Ut(F ))
= Tt( lim
t→T
κ(t, τ)h(u, θ) + (1− κ(t, τ)) g(u, θ))
= lim
t→T
Tt(κ(t, τ)h(u, θ) + (1− κ(t, τ)) g(u, θ))
= lim
t→T
(Ttκ(t, τ) Tt(h)(u, θ) + Tt(1 − κ(t, τ)) Tt(g)(u, θ))
= lim
t→T
(Ttκ(t, τ)h(u, θ) + Tt(1 − κ(t, τ)) g(u, θ)).
Therefore, if the relation (3.40) holds, the additional sufficient condition for the
invariance Tth = h is
lim
t→T
Tt(κ(t, τ)) = lim
t→T
κ(t, τ).(3.41)
Tt is an idempotent operator,
T 2t = Id, ∀ t ∈ I ⊂ R,(3.42)
where Id is the identity operation on T ∗TM , such that (u, θ) 7→ (u, θ).
3.13. Notion of external time parameter τ . By assumption, the Ut flow is
almost cyclic. By this we mean that if the quantum system in question is isolated,
the total Ut evolution is composed by a series of fundamental cycles, where the
n-cycle takes place during the intervals of internal t-time
t ∈ [(2n+ 1)T, (2n+ 3)T ], n ∈ Z.
According to our Assumption A.5+, each of these fundamental cycles is composed
itself by an ergodic type regime, followed by a concentrating regime, followed by an
expanding regime. Then a new ergodic regime start, defining the next fundamental
cycle. The period of each fundamental cycle, if the quantum particle content of the
system does not change, is constant and equal to 2T .
According to the relation (3.29), the period 2T of a fundamental system depends
on the physical system. Furthermore, following our original Assumption A.5, the
ergodic-concentrating-expansion domains are universal, that is, the fundamental
cycles happen for every quantum system. In particular, this holds for each degree
of freedom of the Standard Model of particle physics but also for each atomic and
some molecular systems and for larger systems.
The above notions are useful in the following problem. In order to define a
physical clock we need either a quantum state which shows a very regular properties
in spacetime or a parameter associated to a very regular quantum process in the
sense that a given transition is stable under physical small fluctuations and whose
characteristics are known with high precision.
A τ -time parameter, associated to a physical clock, is constructed in the follow-
ing way. Each fundamental period 2T is identified with a fundamental or minimal
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duration of τ -time, δτ . Different periods 2T have associated different minimal du-
rations δτ , being the minimal duration associated in this way equal to 2Tmin. Now
if we measure the time duration in physical processes by measuring time using
quantum processes associated to quantum clocks, each minimal unit of measurable
τ -time is associated with a large number of periods 2T . Different species of elemen-
tary particles or quantum systems could have different fundamental semi-periods
Ta and Tb, which correspond to particles with different inertial masses and could
have associated different quantum clocks.
According to the above discussion, it is natural to consider the following notion
of external time parameter,
Definition 3.8. An external time parameter τ is a Z-multiple function of the
number of fundamental cycles of the Ut flow associated to a given system.
Note that the definition 3.8 of τ -time parameter assumes the repeatability and
stability of the fundamental cycles of the Ut dynamics and the stability of quantum
processes associated to semi-periods T . Since physical clocks are based upon the
existence of stable, periodic processes, that can be reduced to the analysis of peri-
odic quantum processes, they must also be periodic in the number of fundamental
cycles. The existence of ideal fundamental cycles and regular, stable processes is
associated with a double periodic dynamics (Ut, Uτ ) along the two-dimensional time
(t, τ).
Consequences of the above theory are the following. First, it is inherent to
Hamilton-Randers theory that time is necessarily described by two independent
times and that one of its dimensions τ -time has an emergent nature. This remark
is valid for clocks based in fundamental cycles or in quantum processes from the
point of view of emergence.
Second, there is a minimal theoretical duration of τ -time, identified with a period
2Tmin. It is important to note that this does not mean the relation 2Tmin = δτmin,
but that all possible δτmin that can be defined are multiple of a minimal duration,
associated to a fundamental cycle of Ut evolution with period 2Tmin. That is, τ -
time parameter are integer and quantized. Indeed, different methods to measure
durations must be congruent among them. That means rational relations among
different T and a multiple of 2Tmin. Also, by the same reasons that mention before,
Tmin must be much larger than Planck time.
3.14. The classical Hamiltonian function of the fundamental degrees of
freedom. Hamilton-Randers models and linear Hamiltonian functions in the mo-
mentum variables are related. If (TM,F,DT ) is a Hamilton-Randers space that
evolves towards the averaged structure (TM, h) under the Ut flow, for each value
of t-parameter there is an element (TM,Ft) of FHR(TM). The key point is the
implementation of assumption 3 and assumption 8 in the following way,
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Assumption 3+8. On each individual sub-quantum molecule, one of the quantum
atoms evolves with a Hamiltonian function 12Ft(u, θ) and the second sub-quantum
atom with a Hamiltonian 12Ft(Tt(u), Tt(θ)).
Applying the time inversion operation Tt to Ft and taking into account that the
function κ(u, θ, t, τ) is invariant under Tt, the corresponding Hamiltonian function
of a Hamilton-Randers system at the instant (t, τ) must be of the form
Ht(u, θ) =
1
2
Ft(u, θ) − 1
2
Ft(Tt(u), T ∗t (θ))(3.43)
The relative minus sign is because the Hamiltonian function is the generator func-
tion of time translations. Since the time inversion operation also changes the time
lapse, the change in any quantity must be also affected for the relative change of
sign in the 1-form associated to time.
Using the Randers structure (α, β), we assume the normalization condition
C = ηij(u) θiθj(3.44)
on the momentum of the sub-quantum atoms. Note that, given a point (u, θ) ∈
DT , the constant C does not depend on the t-time and is always positive, since
g(u, θ) > 0 and because |β| < |α|.
Let us evaluate the difference
1
2
Ft(u, θ) − 1
2
Ft(Tt(u), T ∗t (θ))
=
1
2
√
(1− κ(t, τ))gij(u, θ)θiθj + κ(t, τ)〈gij〉θiθj
− 1
2
√
(1 − κ(t, τ))gij(Tt(u), T ∗t (θ))θiθj − κ(t, τ)〈gij〉θiθj
=
1
2
[
(1− κ(t, τ))(α + β)2 + κ(t, τ)hijθiθj
]1/2
− 1
2
[
(1− κ(t, τ))(α − β)2 + κ(t, τ)hijθiθj
]1/2
.
Note that C′ = hij θiθj is constant along the Ut evolution. But also note that
hijθiθj 6= ηijθiθj . In order that the condition C = ηijθiθj and C′ = hij θiθj do not
logically coincide, it must be that C′ = 0,
C′ = hij θiθj = 0.(3.45)
In this case, the above difference becomes
1
2
Ft(u, θ) − 1
2
Ft(Tt(u), T ∗t (θ)) =
1
2
[
(1− κ(t, τ))(α + β)2]1/2
− 1
2
[
(1− κ(t, τ))(α − β)2]1/2
=
1
2
(1− κ(t, τ))1/2(α+ β − (α− β))
= (1− κ(t, τ))1/2 β.
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Hence the Hamiltonian function associated with a HR-system at (t, τ) ∈ R× R is
Ht(u, θ) = (1 − κ(t, τ))1/2
8N∑
k=1
β˜k(u)θk.(3.46)
Non-tensorial coordinates for the fibers of T ∗TM . Until now we have use
the coordinate systems of the type {(x, y, θx, θy} over T ∗TM . In particular, it was
stressed the tensorial character of the coordinates
{θµxk, θµyk, = µ = 1, 2, 3, 4, k = 1, ..., N}.
However, for the following developments, it is useful to consider, instead of these
tensorial coordinates a set of non-tensorial coordinates
{pµxk, pµyk, = µ = 1, 2, 3, 4, k = 1, ..., N}
on each fiber over u ∈ TM . Contrary with the coordinates that we starting working,
these new fiber coordinate systems are holonomic. We will use these coordinates
from now on, since they are useful to proof the consistency of the quantum condi-
tions under changes of natural coordinate systems, as we shall discuss in the next
section. From now on we shall use the new coordinate system. The corresponding
transformation rules for these coordinates induced by local coordinate transforma-
tions inM will be specified later. Remarkably, these two class of coordinates appear
naturally in higher order geometry, for instance, in Finsler geometry constructions
[6, 62].
In order to keep a convenient notation for our purposes, the components β˜µk of
the vector field β ∈ ΓTTM must also be renamed. It is convenient to make this in
such a way that the Hamiltonian (3.46), namely,
Ht(u, p) = (1 − κ(t, τ))1/2
8N∑
k=1
βk(u)pk.(3.47)
Note that in this new notation, the functions βµk do not transform tensorially. The
corresponding transformation laws will be discussed later in this section.
As a consequence of the limit conditions (3.26) it holds the following,
Proposition 3.9. The Hamiltonian (3.47) in the metastable domain D0 is the
average Hamiltonian of a HR-system, which is identically zero,
lim
t→nT
Ht(u, p) = 0.(3.48)
The interpretation of this condition is three-fold. First, it determines the metastable
points {t = (2n + 1)T, n ∈ Z}. Second, it is intrinsically related with the flow of
geometric structures (TM,F )→ (TM, h), showing that the Ut flow is dissipative.
Third, it is compatible with the time re-parametrization invariance property of gen-
eral covariant field theories. Note that this consequence of (3.48) is not equivalent
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to a Hamiltonian constraint as it appears in general relativity H = 0, but shows
the compatibility of the Ut-flow with the Hamiltonian constraint.
3.15. General properties of the bare Uτ flow. Let us consider the trajectories
of the sub-quantum molecules under the Ut-flow. The word lines predecessors are
the maps
ξk : R→Mk4 , t 7→ ξk(t) ∈ Mk4 , k = 1, ...N
solutions of the Ut-flow. Equivalently, by the definition of the τ -time parameter,
we can consider instead
ξtk(τ) := ξk(t+ 2Tτ), t ∈ [0, 2T ], τ ∈ Z, k = 1, ..., N.
By the embeddings ϕk : M
k
4 → M4, each manifold Mk4 is diffeomorphic to the
manifold of observable events or spacetime manifold M4. Then for each fixed t ∈
[0, 2T ] one can consider the embeddings of the predecessor world lines {ξtk, k =
1, ..., N} of the sub-quantum molecules {1, ..., N} in the model spacetime manifold
M4 given by ϕk(ξtk) = ξˆtk →֒M4,
ξˆtk : R→M4, τ 7→ (ϕk ◦ ξtk)(τ).(3.49)
Since each value of a τ -time parameter is associated with a particular fundamental
cycle in a series of consecutive cycles, changing τ but fixing t is equivalent to
consider the position of the sub-quantum molecule at different cycles at a fixed
internal time t ( mod 2T ). This succession of locations defines a world line of each
k sub-quantum particle in the spacetime manifold M4.
Kinematical properties of the Ut dynamics. The speed vector and accelera-
tions of the sub-quantum molecules respect to the Uτ evolution are bounded,
η4(βkx, βkx) ≤ c, η4(βky , βky) ≤ A2max, k = 1, ..., N.(3.50)
The conditions (3.50)
Heritage kinematical properties of the Uτ dynamics. For each Hamilton-
Randers system, the non-degeneracy of the fundamental tensor g of the underlying
Hamilton-Randers space is ensured when the vector field β is constrained by the
condition (3.20). Such condition implies that
(1) The velocity vector of the sub-quantum atoms is normalized by the con-
dition ηk4 (ξ˙tk, ξ˙tk) ≤ v2max = c2. This implies that the world lines of sub-
quantum molecules on the time τ are sub-luminal or luminal.
(2) If the on-shell conditions
{x˙k = yk, k = 1, ..., 4N}
hold good, then there is a maximal bound for the proper acceleration
ηk4 (ξ¨tk, ξ¨tk) ≤ A2max.
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are invariant under 4-dimensional diffeomorphisms. These two kinematical proper-
ties are heritage from the corresponding Ut-dynamics.
As we showed, the classical Hamiltonian function (3.47) of a Hamilton-Randers
system can also be defined by the partially averaged Hamiltonian function Ht(u, p).
Hence the Hamiltonian is associated to the evolution operator associated to the
center of mass of a two sub-quantum atoms, one evolving on one direction of t-time
and the other on the opposite direction of the t-time,
Ut ≡ I − ı Ft(u, p)δτ, U−t ≡ I + ı F−t(u, p)δτ
⇒ 1
2
(Ut + U−t) = 1− ıHt(u, p)δτ,
where the second line applies to the evolution of some initial conditions in an ap-
propriate way. It is then natural to read the Hamiltonian function (3.47) as corre-
sponding to a time orientation average of the Hamilton-Randers function associated
with a particular form of classical Hamiltonian.
After the following re-name
(1− κ˜(t, τ))1/2 → (1− κ(t, τ))(3.51)
of the time parameter, which is nothing more that a change in notation that fa-
cilitates the algebra and that does not change any of the essential features, the
Hamilton equations for (u, p) under the evolution generated by the Hamiltonian
Ht(u, p) are
u′
i
=
∂H(u, p)
∂pi
= 2(1− κ˜(t, τ))βi(u)− ∂κ˜(t, τ)
∂pi
(
8N∑
k=1
βk(u)pk
)
p′
i
= −∂H(u, p)
∂ui
= −2(1− κ˜(t, τ))
8N∑
k=1
∂βk(u)
∂ui
pk +
∂κ˜(t, τ)
∂ui
(
8N∑
k=1
βk(u)pk
)
= −2(1− κ˜(t, τ))
8N∑
k=1
∂βk(u)
∂ui
pk.
Note that in the last line we have applied that κ does not depend upon u ∈ TM .
3.16. Re-definition of the t-time parameter and Ut flow. The Ut flow has
been parameterized by the conformal factor κ(t, τ). However, in order to obtain
dynamical equations of motion (3.13) from a Hamiltonian theory it is necessary to
conveniently normalize the t-time parameter, since the Hamilton equations of the
Hamiltonian function (3.55) are not in general the equations (3.13). Let us denote
the old time parameter, by t˜ and the new external time parameter by t. In order
to resolve such incompatibility, we re-define
t˜ 7→ t = t˜ (1 − κ˜(t˜, τ))−1.(3.52)
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As it stands, the relation (3.52) is well defined, since κ(u, p, t˜, τ) does not depend
on u ∈ TM . On the other hand, one has the differential expression
dt = (1− κ˜(p, t˜, τ)dt˜+ t˜d
(
1
1− κ˜(p, t˜, τ)
)
.
It is reasonable that respect to the external time we can further impose on the
equilibrium domain D0
dκ˜
dt˜
= 0,
indicating homogeneity respect to t-time translation. We remark that this condition
is imposed only on D0, that is, the above derivative is negligible in that region and
zero at the points t = 2nT , which is also the domain defining the τ -time parameter.
Then we have that on D0 the relation
dt = (1 − κ˜(τ))dt˜
follows, which we can re-write in terms of derivative operators,
d
dτ
= (1− κ˜(τ))−1 d
dτ
(3.53)
In the metaestable domain D0, the limit condition
lim
t→(2n+1)T
(1 − κ˜(t˜, τ)) = 0
holds good.
3.17. The deterministic, local dynamics of the sub-quantum degrees of
freedom. Respect to this external t-time parameter, the Hamilton equations of
(3.55) are
u˙i :=
dui
dt
=
∂H(u, p)
∂pi
= βi(u),
p˙i :=
dpi
dt
= −∂H(u, p)
∂ui
= −
8N∑
k=1
∂βk(u)
∂ui
pk, i, k = 1, ..., 8N,
(3.54)
where the time derivatives are taken respect to the t-time parameter and determines
the Ut dynamics.
The effective Hamiltonian that describe the dynamics the full cycle, including
the metaestable limit (3.48), is given by
H(u, p, t) =
8N∑
k=1
βi(u) p
i, t 6= nT, n ∈ Z
= 0, t = nT, n ∈ Z.(3.55)
Since this Hamiltonian is equivalent to the previous Hamiltonian (3.47), the cor-
responding Hamiltonian function is still denoted by Ht(u, p). Note that the β
functions depend upon the coordinates u. Since for each Hamilton-Randers sys-
tem, they are functions of t-time, the Hamiltonian also will depend on the t-time
parameter implicitly.
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3.18. A fundamental result in Hamilton-Randers theory. At the classical
level of the formulation of the dynamics of Hamilton-Randers systems, the basis of
the physical interpretation given by the theory developed above, is given now as
Theorem 3.10. For each dynamical system given by the equations (3.54), there
exists a Hamilton-Randers system whose Hamiltonian function is (3.55).
Although deterministic and local, the dynamical systems that we shall consider
within the category of Hamilton-Randers systems are not classical Newtonian of
geodesic dynamics, as in classical mechanics. Indeed, the relation of the
x˙k = 1/mpk,
will not hold in general, since the Hamiltonian function (3.55) that we are consid-
ering is linear on the canonical momentum variables.
3.19. Geometric character of the Hamiltonian dynamics. Let us consider
the problem of the invariance of the Hamiltonian transformation (3.55). If we
consider a local change of coordinates
ϑ : R4 → R4, xµ 7→ x˜µ(xν),
there is an induced change in local coordinates on TM given schematically by
xµk 7→ x˜µ(xν)k, y˜µk =
∂x˜µk
∂xρk
yρk.(3.56)
Then the invariance of the Hamilton equations of motion for the uµ coordinates
implies that
dx˜µk
dτ
=
∂x˜µk
∂xρk
dxρk
dτ
=
∂x˜µk
∂xρk
βρk .
Thus, in a similar way as for the formulae (3.15)-(3.16), we have that for the β
functions in a Hamilton-Randers system, we have
β˜ρk =
∂x˜µk
∂xρk
βρk .(3.57)
Also, invariance of first group of Hamilton equations (3.54) implies the consistency
condition
β˜µky =
dy˜µk
dτ
=
d
dτ
(
∂x˜µk
∂xρk
yρ
)
=
∂x˜µk
∂xρk
dyρk
dτ
+
∂2 x˜µk
∂xρk ∂x
σ
k
dxµk
dτ
yρk
=
∂x˜µk
∂xρk
βρky +
∂2 x˜µk
∂xρk ∂x
σ
k
βσkx(x) y
ρ
k.(3.58)
In order to obtain the transformation rules for the momentum coordinates (pkxµ, pkyµ)
it is required that the Hamiltonain (3.55) remains invariant,
Ht(x, y, px, py) =
∑
k
β˜µkx p˜kxµ +
∑
k
β˜µky p˜kyµ =
∑
k
βµkx pkxµ +
∑
k
βµky pkyµ.
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Using the transformation rules (3.56), (3.57) and (3.58) and re-arranging conve-
niently, the transformation rules for the momentum coordinates are
pkxρ =
∂x˜µk
∂xρk
p˜kxµ +
∂2 x˜µk
∂xρk ∂x
σ
k
p˜kyρ(x) y
ρ
k,(3.59)
pkyρ =
∂x˜µk
∂xρk
p˜kyµ.(3.60)
These set of transformations (3.56), (3.57), (3.58) and (3.60) leave invariant the
Hamilton equations (3.54). They are similar in structure to the transformations
that one founds in higher order geometry [62].
3.20. Macroscopic observers and metric structures. Since M4 is endowed
with a Lorentzian metric η4 with signature (1,−1,−1,−1), there is a natural defi-
nition of ideal macroscopic observer,
Definition 3.11. Given the Lorentzian spacetime (M4, η4) an ideal macroscopic
observer is a smooth, timelike vector field W ∈ ΓTM4.
This is the standard definition of observer in general relativity, based upon the
notions of coincidence and congruence. The observers that we shall consider are
ideal macroscopic observers defined as above.
Given an observerW there is associated to the Lorentzian metric η4 a Riemann-
ian metric on M4 given by the expression
η¯4(u, v) = η4(u, v)− 2 η4(u,W (x))η4(v,W (x))
η4(W (x),W (x))
, u, v ∈ TxM4, x ∈M4.(3.61)
dW : M4 × M4 → R is the distance function associated with the norm of the
Riemannian metric η¯4.
We can apply these elementary metric notions of Lorentzian geometry to the
geometry configuration of the embeddings of the world lines (3.49) of the sub-
quantum degrees of freedom on M4. Given an ideal macroscopic observer W , for a
fixed point x ∈M4 and the world line ξˆtk, the distance function between x and ξˆtk
is given by the expression
dW (x, ξˆtk) := inf
{
dW (x, x˜), x˜ ∈ ξˆtk)
}
.
The distance dW (x, ξˆtk) depends on the observer W . It also depends on the spec-
ification of the family of diffeomorphisms {ϕk, k = 1, ...,M}. Thus the constraint
among the different diffeomorphisms ϕk that we have spoken before means that
the distance function dW (x, ξˆtk) must be constant for each choice of the family
{ϕk, k = 1, ...,M}. Such condition is consistent with spacetime diffeomorphims
invariance.
inf{dW (x, ξˆtk), k = 1, ..., N} depends on t ∈ R. Since t-parameters are not
observables, the corresponding distance is not observable. However, there is a
definition of distance which is independent of t, namely,
dW (x, ξˆk) = inf{dW (x, ξˆtk), t ∈ [2nT, 2(n+ 1)T ]},(3.62)
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with n ∈ Z. The corresponding distance function dW (x, ξˆk) is an observable de-
pending on the observer W .
The distance function dW will be used in the construction of the quantum de-
scription of the system. Specifically, we shall define the density of probability at
the point x ∈ M4 associated to the quantum system in terms of the associated
geometric distribution of the world lines associated to the sub-quantum degrees of
freedom.
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4. Hilbert space formulation of Hamilton-Randers systems
The quantum description of physical systems arises naturally from the Hilbert
space formulation of Hamilton-Randers dynamical systems. This formulation will
be developed in this chapter. The original application of Hilbert space theory to
deterministic dynamical systems began with the work of Koopman and von Neu-
mann [59, 75]. The theory was first applied en the context of emergent approaches
to quantum mechanics in the work of G. ’t Hooft [49], together with some additional
ideas on dynamics of information loss processes and complexity. In our case, a di-
rect application of Koopman-von Neumann theory to Hamilton-Randers systems
will be developed, a type of dynamical systems that are comparatively different
from Hoof’s cellular automaton interpretation.
We are developing our theory using local coordinate techniques. This always
leads to problem of the issue of coordinate invariance property of the theory. It
is a rather imponent constraint that a theory with aim to be of universal applica-
bility, must be general covariant. We shall show that the Koopman-von Neumann
formulation of Hamilton-Randers models is general covariant.
4.1. Hilbert space formulation of classical systems and its application
to Hamilton-Randers systems. Every Hamilton-Randers dynamical system has
associated a Hilbert space and quantum mechanical formulation of the dynamical
evolution. To show this correspondence, let us start considering the algebra of
diagonal functions FD(T ∗TM) and the canonical quantization of this algebra. We
assume the existence of a vector space H¯Fun and a set of operators
{uˆµk , k = 1, ..., N}4µ=1 ≡
{
xˆµk , yˆ
µ
k : H¯Fun → H¯Fun, k = 1, ..., N
}4
µ=1
(4.1)
such that the values of the position coordinates
{xµk , k = 1, ..., N, µ = 1, 2, 3, 4}
and the velocity coordinates
{yµk , k = 1, ..., N, µ = 1, 2, 3, 4}
of the sub-quantum molecules are the eigenvalues of certain self-adjoint linear op-
erators. Elements of H¯Fun will be called sub-quantum states.
The above construction implies that the position and velocity operators associ-
ated with the sub-quantum degrees of freedom will need to commute among them
when they are applied to each element of H¯Fun and when they are applied at equal
values of the time t ∈ R, the following relations hold:
[xˆµk , xˆ
ν
l ] |t = [yˆµk , yˆνl ] |t = [xˆµk , yˆνl ] |t = 0, µ, ν = 1, 2, 3, 4; k, l = 1, ..., N.(4.2)
Note that since in Hamilton-Randers theory the time parameter manifold is two-
dimensional and given by (t, τ), the specification of the commutation relations of
the algebra is done at each fixed value of the pair (t, τ) ∈ [0, 2T ]× Z, that in the
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continuous approximation is (t, τ) ∈ [0, 2T ]× Z. Specifying only the τ -time value
is not enough for the formulation of the commutation relation.
We further assume the existence of a generator set
{|xµl , yµl 〉}N,4k=1,µ=1 ⊂ H¯Fun
of common eigenvectors of the operators {xˆµk , yˆµk , µ = 1, 2, 3, 4; k = 1, ..., N} char-
acterized by the relations
xˆµk |xµl , yνl 〉 =
∑
l
δkl x
µ
l |xµl , yνl 〉, yˆνk |xµl , yνl 〉 =
∑
l
δkl y
ν
l |xµl , yνl 〉,(4.3)
where δkl is the Kronecker delta function. This construction implies an equiva-
lence between the spectra of the collection of operators {xˆµk , yˆµk , µ = 1, 2, 3, 4; k =
1, ..., N} and the points of the configuration manifold TM of a Hamilton-Randers
space,
Spec
({xˆµk , yˆµk}4µ=1)→ TMk4 , {|xµk , yνk〉}4µ=1 7→ (xµk , yµk ), µ = 1, 2, 3, 4; k = 1, ..., N.(4.4)
The elements of (4.3) represent the configuration state of the sub-quantum degrees
of freedom describing a Hamilton-Randers system. These elements of H¯Fun will be
called ontological states. In the case that the dynamics and the degrees of freedom
are discrete, the dimension of H¯Fun is finite. Eventually, since we are considering
continuous models, the dimension of H¯Fun is not finite.
We introduce now a procedure for the quantization of observables that are func-
tions of the coordinate and position variables and their time derivative functions.
Since of the commutativity conditions (4.2) and the fundamental states are eigen-
states of the coordinate and velocity operators uˆµk = (xˆ
µ
k , yˆ
µ
k ), it is natural to define
the quantization of a function and the coordinate derivative operator of a function
by the corresponding operations on the eigenvalues,
Ξ̂(xµk , y
µ
k ) |xµ, yµ〉 := Ξ(xµk , yµk ) |xµ, yµ〉,(4.5)
̂∂Ξ(xµk , y
µ
k )
∂xµ
|xµ, yµ〉 := ∂Ξ(x
µ
k , y
µ
k )
∂xµ
|xµ, yµ〉(4.6)
and similarly for other partial derivative operators,
d̂Ξ
dt
(xµk , yµk) |xµ, yµ〉 := Ξ(xµk , yµk ) |xµ, yµ〉,(4.7)
̂d
dt
∂Ξ(xµk , y
µ
k )
∂xµ
|xµ, yµ〉 := d
dt
∂Ξ(xµk , y
µ
k )
∂xµ
|xµ, yµ〉(4.8)
There are other possibilities to define the derivative of an operator, but our defini-
tion (4.6) is a consistent scheme and suitable for our purposes.
The commutation relations (4.2) are only a piece of the full canonical quan-
tization conditions of the system. The completion of the canonical quantization
conditions is made by assuming the following additional conditions,
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• There is a set of symmetric linear operators
{pˆxkµ, pˆykµ, k = 1, ..., N, µ = 1, 2, 3, 4}
that generates local diffeomorphism on TM along the integral curves of the
local vector fields{
∂
∂xµk
,
∂
∂yνk
∈ ΓTTU µ, ν = 1, 2, 3, 4; k = 1, ..., N
}
,(4.9)
with U ⊂M an open subset.
• The following commutation relations at each fixed 2-time (t, τ) ∈ R × R
hold good,
[xˆµk , pˆxlν ] = ı ~ δ
µ
ν δkl, [yˆ
µ
k , pˆylν ] = ı ~ δ
µ
ν δkl, µ, ν = 1, 2, 3, 4, k = 1, ..., N.
(4.10)
• The phase space T ∗TM is commutative4,
[xˆµk , xˆ
ν
l ] = 0, [y
µ
k , y
ν
l ] = 0, [x
µ
k , y
ν
l ] = 0,
[pˆxkµ, pˆylν ] = 0, µ, ν = 1, 2, 3, 4, k = 1, ..., N.(4.11)
The collection of operators on H¯Fun
{uˆµk , pˆkµ, µ = 1, 2, 3, 4, k = 1, ..., N}(4.12)
satisfying the algebraic relations (4.11) and (4.10) will be called fundamental alge-
bra, rather than the name ontological algebra.
The vector space H¯Fun is promoted to be a pre-Hilbert space with an inner
product by first defining the following inner scalar rule among ontological states,
〈xµl , yνl |xρk, yλk 〉 = δkl δ(xµ − xρ) δ(yν − yλ).(4.13)
The extension of this product rule to arbitrary linear combinations of fundamental
vectors is done by assuming the adequate bilinear property of the product operation
respect to the corresponding numerical fieldK in the vector space structure of H¯Fun.
We did not fix the numerical field K yet.
The rule (4.13) is also the basis for the definition of a norm, in the case of suitable
numerical fields.
Note the symmetric property for this product rule,
〈xµl , yνl |xρk, yλk 〉 = 〈xρk, yλk |xµl , yνl 〉
holds good.
4Since the dynamics in a Hamilton-Randers theory is discrete and the continuous version is
only an approximation, the commutativity condition can be seen as an approximation as well.
Indeed, it would be more natural to consider a non-commutative space, for instance, a quantum
tangent spacetime model of Snyder type.
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A particular example of the relation (4.13) is when xk and xl correspond to the
same x ∈ M4 via the inverse of the diffeomorphisms ϕk and ϕl respectively. In this
case the relation can be re-cast formally as∫
M4
dvolη4 〈xµl , yνl |xρk, yλk 〉 = δkl δ(yν − yλ),(4.14)
which is similar to the orthogonality property of position quantum states.
Naturalness of the Heisenberg representation. The invariance in the product
rule (4.13) respect to the external τ -time parameter is assumed, in accordance with
the congruence 2T -module invariance property described in subsection 3.13. In
order to accomplish with this property, we adopt the Heisenberg picture of the
dynamics, where the ontological states |xµk , yνk〉 do not change with time but the
operators {xˆµk , yˆkk}4,Nµ,k=1,1 change with the τ -time.
Decomposition of the identity operator. The constructions discussed above
implies the existence of a decomposition of the unity,
I =
N∑
k=1
∫
TxkM
k
4
d4zk
∫
Mk4
dvolηk4 (xk) |x
µ
k , z
µ
k 〉〈xµk , yµk |.(4.15)
Note that there is no sum on the index µ. This relation will be used later.
4.2. Momentum basis. It has been assumed that the momentum operators
{pˆxkµ, pˆykµ, µ = 1, ..., 4, k = 1, ..., N}
are self-adjoint respect to the scalar product determined by (4.13). We further
assume the existence of a basis of common eigenvectors of momentum operators,
{|pxkµ, pykµ〉, µ = 1, ..., 4, k = 1, ..., N} ⊂ H¯Fun
such that
pˆxlν |pxkµ, pykµ〉 = δlk pxlν |pxk, pyk〉, pˆylν |pxkµ, pykµ〉 = δlk pylν |pxkµ, pykµ〉.
In general, the vectors |pxkµ, pykµ〉 are not ontological states: they do not represent
the configuration of the sub-quantum degrees of freedom of a Hamilton-Randers
systems.
Remark 4.1. The construction of the momentum operators and the corresponding
eigenvectors explicitly uses the local approach to the quantization of a Hamilton-
Randers dynamical system. The method starts by fixing a natural (or induced)
local coordinate system in T ∗TM . The problem of the equivalence among different
quantization procedures starting from different coordinate systems will be considered
later. We shall show that for Hamilton-Randers systems, the canonical quantization
discussed above is a consistent procedure.
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In terms of the momentum eigenvector basis, the decomposition of the unity
operator is
I =
N∑
k=1
∫
T∗
(x,y)
TMk4
1√
− det ηk4
d4pxkµ ∧ 1√− det ηk4 d4pzkµ |pxkµ, pzkµ〉〈pxkµ, pzkµ|.
(4.16)
The volume element on the fiber over u = (x, y) is constructed using standard proce-
dures. Indeed, after wedging the density forms 1√
− detηk4
d4pxkµ and
1√
− detηk4
d4pzkµ,
the 8-forms
d8pk(x, y) =
1√
− det ηk4
d4pxkµ ∧ 1√− det ηk4 d4pykµ, k = 1, ..., N(4.17)
are geometrically well-defined,that is, they are invariant forms under the local trans-
formations (3.60).
4.3. The pre-Hilbert space generated by the collection of ontological
states. Let us consider combinations of fundamental states of the form
Ψ =
N∑
k=1
αk(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉, x ∈ M4.
The state Ψ depends on the point x ∈ M4 of the spacetime manifold M4 and on
the lift from the spacetime manifold M4 to the configuration space M . Such lift
is not natural, depending on the choice of the family of diffeomorphisms {ϕk :
Mk4 → M4, k = 1, ..., N} and on the point (z1, ..., zN) of the fiber at the point
(ϕ−11 , ..., ϕ
−1
N ) ∈ M ∼=
∏N
K=1 M
k
4 .
Complex structure of the vector space HFun. In the most simple case of
dynamical evolution corresponding to a free quantum system, one could expect
that, due to the existence of fundamental cycles, the vector Ψ must have 2T -
modular invariance. A natural way to implement this condition is by assuming that
the coefficients αk(ϕ
−1
k (x), zk) are complex numbers and that they are unimodular
equivalent after a period 2T of Ut evolution. This argument partially motivates
that the fundamental states |ϕ−1k (x), zk〉 that we shall consider will be complex
combinations, αk(ϕ
−1
k (x), zk) ∈ C.
The scalar product in the vector space HFun. The norm of a vector Ψ is
obtained by assuming a bilinear extension of the relation (4.13). The norm in
HFun is them defined by the expression
‖, ‖Fun : HFun → R, Ψ 7→ ‖Ψ‖2Fun = 〈Ψ|Ψ〉 :=
N∑
k=1
∫
TMk4
dvolηk4 |αk|
2.(4.18)
The linear closure of the vectors Ψ in HFun with finite norms is denoted by HFun ⊂
HˆFun and with the scalar product associated to this norm, HFun is assumed to be
a pre-Hilbert space.
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If the vectors |pxkµ, pzkµ〉 are elements of the Hilbert space HFun, then one can
consider the products
〈x, y|px, py〉, (px, py) ∈ T ∗(x,y)TM.
Since the canonical quantization conditions and the meaning of the operators
are analogous to the homologous appearing in standard quantum mechanics, it is
natural that the above product has the form
〈x, y|px, py〉 = 1
(2π~)4N/2
exp
(
ı
~
(
N∑
k=1
pxkµ x
µ
k + pykµ y
µ
k
))
.(4.19)
This expression, as the analogous to the corresponding in quantum mechanics, is
not invariant under local transformations (3.56)-(3.60).
Furthermore, the relation (4.19) suggests that the natural numerical field to
formulate the continuous version if the theory is the complex field C.
4.4. Quantum Hamiltonian and Heisenberg dynamics associated to a
Hamilton-Randers dynamical system. The Hamiltonian operator of a Hamilton-
Randers dynamical system is obtained by the application of the quantization pro-
cedure described before to the classical Hamiltonian (3.55), using the canonical
quantization rules (4.10) and (4.11). Note that at this level it is not required for
the Hamiltonian Ht to be an Hermitian operator. This is because we are adopting
the Heisenberg picture of dynamics only in order to reproduce the deterministic
differential equations (3.54) and not as a description of the dynamics of quantum
observables. With this aim, we consider the Hamiltonian operator
Ĥt(uˆ, pˆ) : H¯Fun → H¯Fun
Ĥt(uˆ, pˆ) :=
N∑
k=1
βk(τ, uˆ)pˆk,(4.20)
with tR, k = 1, ..., 8N . The hermitian component of this operator Ĥt is easily
obtained by symmetrization5.
Let us introduce the Koopman-von Neumann approach to the dynamics of
the classical Hamilton-Randers system. This approach explodes an application
of Heisenberg picture of dynamics to the Uτ dynamical Hamilton-Randers systems.
Here, the Hermitian operators evolve in the τ -time in the Heisenberg picture accord-
ing to the Heisenberg equations. Given an hermitian operator Ô, the Heisenberg
equation are determined by the Hamiltonian (4.20),
ı ~
dÔ
dt
=
[
Ĥt, Ô
]
.(4.21)
This leads to the following result,
5Here we are not considering the distinction between Hermitian operator and self-adjoint
operator.
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Theorem 4.2. The Heisenberg equations for xˆµk and yˆ
µ
k reproduce the first set of
Hamiltonian equations (3.54) for the t-time parameter.
Proof. This result is direct if we take into account the definition of the slow time
(3.52). In terms of such parameter the Hamiltonian can be written simply as
Ĥt(uˆ, pˆ) :=
N∑
k=1
βk(t, uˆ)pˆk,(4.22)
if t 6= nT , or
Ĥt(uˆ, pˆ) = 0, if t = nT, n ∈ Z.(4.23)
The canonical quantum theory developed in this section determined by the com-
mutations relations (4.10) and (4.11)) and the structure of the Hamiltonian (4.20)
in the evaluation of the Heisenberg equations, implies that outside of the metastable
D0 the equations of evolution for the t-time evolution,
ı ~
duˆi
dτ
=
[
Ĥt, uˆ
i
]
= ı ~
[
N∑
k=1
βk(uˆ)pˆk, uˆ
i
]
= ı ~ βi(uˆ), i = 1, ..., N.
That is, the following relations must hold,
ı ~
duˆi
dt
= ı ~ βi(uˆ).(4.24)
The application of this operational equation to each of the fundamental states
|uµl 〉 = |xµl , yµl 〉, one obtains the first set of Hamiltonian equations (3.54) for the
slow τ -time parameter. 
Similarly, the momentum operators pˆkµ follow the Heisenberg equations
ı~
dpˆi
dt
=
[
Ĥt, pˆi
]
=
[
N∑
k=1
βk(uˆ)pˆk, pˆi
]
.
By the algebraic rules and the interpretation of the quantum operators given above,
the explicit form of this differential equation is
ı~
dpˆi
dt
= −
N∑
k=1
∂̂βk(u)
∂ui
pˆk.(4.25)
There is a substantial difference between the operational equation for the coordi-
nate and speed operators of the sub-quantum degrees of freedom, namely, eq. (4.24)
and the equation of motion of the momenta (4.25), since the system (4.24) is an au-
tonomous dynamical system, while the system (4.25) is not autonomous in general,
depending on the given solutions for the equations (4.25). This property justifies
that the generator set of the Hilbert space H¯Fun should be chosen as eigenvectors
of the operators uˆµ as in (4.3). These states contains all the independent and suffi-
cient information to describe the dynamics of the system. On the other hand, such
ontological states do not need to be eingenvectors of the momenta operators pˆkµ.
Therefore, although the second half of the equations (3.54) are not recovered by
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the (4.25), this does not constitute a severe problem, since the p-coordinates are
determined by the u-coordinates in Hamilton-Randers models.
Given the Hamiltonian function (3.55), the Hamiltonian operator Ĥt(u, p) is not
Hermitian and it is not uniquely defined. One can construct equivalent Hamiltonian
operators of the form
Ĥαt(uˆ, pˆ) :=
1
2
8N∑
k=1
(
(1 + α)βk(t, uˆ) pˆk − α pˆk βk(t, uˆ)
)
with α ∈ R. Ĥαt(uˆ, pˆ) determines the same equations than Ĥt(uˆ, pˆ), all of them
reproducing the Hamiltonian equations (3.54). However, if we want to relate this
Hamiltonian with a quantum Hamiltonian, it is useful to adopt Ĥαt(uˆ, pˆ) as the
Hermitian Hamiltonian. Moreover, we require that the quantum conditions are pre-
served. A quantization prescription ensuring the canonical commutation conditions
is the Born-Jordan quantization prescription [16, 17, 43].
The constraints
yˆµk =
dxˆµk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N(4.26)
are imposed. These constraints define in the Koopman-von Neumann formalism for
the on-shell evolution of the sub-quantum molecules as curves on TM . However,
the constraints (4.26) are not strictly necessary from the point of view of the Heisen-
berg dynamics. These constraints are consistent with the Heisenberg equations of
dynamics.
We emphasize that in Hamilton-Randers theory, the Heisenberg picture is adopted
as the natural way to describe the dynamics of the ontological degrees of freedom.
In the Heisenberg picture, the ket space of sub-quantum states generated by the
collection {|xµl , yµl 〉}N,4k=1,µ=1 do not change on τ -time, but the operators associated
to the quantized generalized position and canonical momenta change. Therefore,
a generic state Ψ ∈ H¯Fun does not change with τ -time in this picture, while op-
erators that are functional dependent of the canonical operators {uˆµk , pˆµk}N,4k=1,µ=1
change on τ -time according to the corresponding Heisenberg equation.
Finally, let us note that the meta-stability condition (3.48) is translated in the
quantum formulation of Hamilton-Randers systems as the following condition,
lim
t→nT
Ĥt(uˆ, pˆ)|Ψ〉 = 0, n ∈ Z.(4.27)
This is the pre-quantum formulation of τ -time diffeomorphism invariance. Note
that only holds on the meta-estable equilibrium domain D0; outside this domain,
the total Hamiltonian of the system is not constrained by (4.27) when acting on
fundamental states Ψ ∈ H¯Fun.
4.5. Sub-quantum mechanical and quantum mechanical operators. The
commutation relations (4.10) are mathematically and physically consistent, despite
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the fact that in quantum mechanics, the canonical coordinate operators
{X̂a, a = 2, 3, 4}
commute between each other, the velocity operators
{ ˙̂X
a
:=
dX̂a
dτ
, a = 2, 3, 4}
commute between each other too, but canonical position operators do not commute
with velocity operators in general,
[X̂a,
˙̂
X
a
] 6= 0.
If the constraint (4.26) holds good, in general there are no pair of operators (xˆµk , yˆ
µ
k )
in the collection {(xˆak, yˆak)}N,4k=1,a=2 that can coincide with any of the quantum op-
erators {X̂a, ˙̂X
a
, a = 2, 3, 4}. This is because, if ˙̂Xa is determined by means of
the corresponding Heisenberg equations, then the quantum Hamiltonian operator
should not contain the momentum operator in a form which contains higher order
terms than linear terms. Thus for instance, a Hamiltonian of the form
Ĥ = fabP̂aP̂b + f˜
ab X̂µa P̂µb + f
µaP̂µa +K(X̂), a, b = 2, 3, 4, µ = 1, 2, 3, 4,
where K(X̂) is a scalar function of the position operators, will define a non-trivial
commutator [X̂a,
˙̂
X
a
], contrary to the hypothesis that [xˆµk , yˆ
µ
k ] = 0.
The exception to this argument is the case when the quantum Hamiltonian Ĥ
is at most linear on the Pˆ operators, a property extensively explored in Hooft’s
theory [49].
By definition, the operators {X̂a, ˙̂X
a
, a = 2, 3, 4} have as spectrum the possible
outcomes of measurements on a quantum system for the cartesian position coor-
dinates and the corresponding velocity coordinates. In a more complete version of
the theory, the operators {X̂a, ˙̂X
a
, a = 2, 3, 4} should emerge in Hamilton-Randers
theory together with the wave functions of quantum states from the mathematical
elements of the underlying dynamical system. The quantum states constitute a
phenomenological description of the ergodic dynamics of the sub-quantum degrees
of freedom, when the projection (t, τ) 7→ τ is considered.
The exact relation between the emergent operators {X̂a, ˙̂Xa, a = 2, 3, 4} and the
entire family of operators {(xˆak, yˆak, pˆakxk , pˆakyk)}
N,4
k=1,a=2 is still missing in our version
of the theory. However, we should not expect that such correspondence must be
given by a symplectic relation, among other things because there is no conservation
on the number of degrees of freedom. In particular, we have that
♯
{
(xˆak, yˆ
a
k , pˆ
a
kxk
, pˆakyk), k = 1, ..., N, a = 2, 3, 4
}≫ ♯{X̂a, ˙̂Xa, a = 2, 3, 4} .
In Hamilton-Randers theory, the fundamental degrees of freedom are not a re-name
of the quantum degrees of freedom. Indeed, there are much more fundamental
degrees of freedom than quantum degrees of freedom.
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4.6. On the non-commutativity of the spacetime suggested by Hamilton-
Randers theory. The Hamilton-Randers systems should be non-local in both
position and speed (or canonical momentum) variables and the operators X̂a and
˙̂
Xa should have generically non-zero dispersion when applied to generic states. In
general, the operators {
X̂a,
˙̂
Xa, a = 2, 3, 4
}
are non-linear and non-trivial combinations of operators in the collection{
(xˆak, yˆ
a
k , pˆ
a
kxk , pˆ
a
kyk)}N,4k=1,a=2
}
,
and mixing configurations of coordinate operators xˆ, yˆ and momentum operators pˆ
can appear in the combinations X̂a,
˙̂
Xa, for example. Thus in general, the quantum
states must hold a representation of a non-commutative algebra,
[X̂µ, X̂ν ] = Aµν , [
˙̂
X
µ
,
˙̂
X
ν
] = Bµν , [X̂µ,
˙̂
X
ν
] = Cµν ,(4.28)
with µ, ν = 1, 2, 3, 4. This algebra contrasts with the related commutative algebra
(4.11). Therefore, Hamilton-Randers theory suggests non-commutative spacetime
geometry with Aµν 6= 0. The commutativity of spacetime M4 should be consid-
ered an approximation to a deeper non-commutative spacetime, linked with the
fundamental fact of discreteness.
An interesting realization of these conditions is found in Snyder’s model of non-
commutative spacetime [72]. Such algebra is Lorentz invariant and the collection
of eigenvalues determines a spacetime which is discrete, with coordinate differences
of the order of the Planck length.
4.7. On the operator interpretation of the external time coordinate. The
4-dimensional covariant formalism adopted, that treats on equal footing the four di-
mensions on each manifoldMk4 , is consistent with the principle of relativity, in par-
ticular, with the absence of geometric structures as absolute time structures. While
this point of view is natural at the classical level as it was considered in section 3,
at the quantum level it requires further attention. In particular, the requirement
that {xˆ0k}Nk=1 and X̂0 are operators is in sharp contrast with non-relativistic quan-
tum mechanics, where time is a parameter and does not correspond to a physical
observable. This ambiguity is resolved naturally starting by considering the situa-
tion in quantum field theory, where all coordinates Xµ are parameters or labels for
the quantum fields. This interpretation is also applicable to the variables {xµk}Nk=1,
since they are used in Hamilton-Randers models not for marking observables, but
as a parameter or labels for the sub-quantum degrees of freedom. Therefore, it is
reasonable that the same happens for Xµ.
The application of Koopman- von Neumann theory to Hamilton-Randers systems
does not imply that the coordinates {xµk}Nk=1 or Xµ become observables in our
theory, but it is only a formal description of the system. The coordinates of the sub-
quantum molecules are considered as the spectrum of a collection of linear operators
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and the speed coordinates are bounded. This condition is compatible, for example,
with Snyder’s spacetime model, that provides a framework consistent with relativity
theory and with the discrete character of the coordinates {xµk}. An interesting
question, not explored yet, is whether Snyder’s spacetime or a suitable modification
of it, is compatible with a maximal acceleration, the second kinematical requirement
in Hamilton-Randers model.
In resume, the fact that we are using an operator approach to the description
of the coordinates {xµk}Nk=1 does not imply that they are observables. It is a tech-
nical construction. Indeed, our approach is consistent with the interpretation of
coordinates Xµ as labels, as it is usual in quantum field theory.
4.8. Geometric issues in the quantization of classical in Hamilton-Randers
systems. The fundamental algebra determined by the collection of operators (4.12)
satisfying the algebra (4.11) and (4.10) was defined in the framework of a local rep-
resentation of the Hamilton-Randers dynamics. We started with local coordinates
(uµk , p
µ
k) on T
∗TM , promote them to canonical operators such that (4.11) and (4.10)
hold good. It is still open the question whether such quantization procedure and the
Heisenberg dynamics generated by the quantization of the Hamiltonian (4.22) are
compatible with the transformations induced by changes of coordinates in T ∗TM
naturally induced by changes of coordinates in TM and whether the dynamics is
compatible with such coordinate changes.
Let ϑ : R4 → R4 be a local coordinate change in M4 and consider the induced
coordinate changes in TM , that we can write as
(xµk , y
µ
k ) 7→
(
x˜µk ,
∂x˜µk
∂xνk
yνk
)
= (x˜µk , y˜
µ
k ).
We want to know the consistency criterion of the relations (4.11) and (4.10) with
the corresponding relations[
ˆ˜xµk ,
ˆ˜xνl
]
=
[
ˆ˜yµk ,
ˆ˜yνl
]
=
[
ˆ˜xµk ,
ˆ˜yνl
]
= 0, µ, ν = 1, 2, 3, 4; k, l = 1, ..., N,
[ˆ˜xµk ,
ˆ˜pνyl ] = [ˆ˜y
µ
k ,
ˆ˜pνxl ] = 0, µ, ν = 1, 2, 3, 4; k, l = 1, ..., N.(4.29)
and
[ˆ˜xµk ,
ˆ˜pνxl ] = ı ~ δ
µ
ν δkl, [ˆ˜y
µ
k ,
ˆ˜pνyl ] = ı ~ δ
µ
ν δkl, µ, ν = 1, 2, 3, 4, k = 1, ..., N.
(4.30)
where the operators are taken at fixed t ∈ R. The new momentum operators
ˆ˜pµk are defined in analogous manner than the original momentum operators pˆ
µ
k ,
namely, as generators of local diffeomorphism transformations on TM along the
respective directions. Note that we have take some simplification in the notation
of the operators ˆ˜p, in order to avoid excessive cluttering.
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We shall consider the consistency of the canonical quantization for the hat-
operators, subjected to the quantum version of the local coordinate transformation,
(xˆµk , yˆ
µ
k ) 7→
(
ˆ˜xµk ,
∂̂xµk
∂xνk
yˆνk
)
= (ˆ˜xµk ,
ˆ˜yµk ).(4.31)
The quantization of the function xµk 7→ x˜µk and its derivatives are taken according
to the definitions (4.5) and (4.6).
For the argument that follows below we shall need to consider integral operations
on TM and a natural volume element on TM . We can use the measure µ˜P , defined
by the relation (3.10). Since {|xµk , yµk 〉, µ = 1, 2, 3, 4, k = 1, ..., N} is a generator
system, we have the relation
pˆµj |xνa, yνa〉 =
∫
TM
µ˜P (x
′, y′)λl(x
′ν
i , y
′ν
i ;x
ν
a, y
ν
a) |x′νi , y′νi 〉.
Similarly, in the new coordinate system,
ˆ˜pµj |xνa, yνa〉 =
∑
a
∑
ρ
∫
TM
µ˜P (x
′, y′) λ˜l(x
′ν
i , y
′ν
i ;x
ν
a, y
ν
a) |x′νi , y′νi 〉.
Then the relation (4.10) can be re-written as∫
TM
µ˜P (x
′, y′)λl(x
′ρ
i , y
′ρ
i ;x
ν
a, y
ν
a)x
′µ
k |x′νi , y′νi 〉 = −ı~δlk|xνa, yνa〉
+
∫
TM
µ˜P (x
′, y′)λl(x
′ν
i , y
′ν
i ;x
ν
a, y
ν
a)x
µ
k |x′νi , y′νi 〉.
Similarly, the relation (4.30) can be re-written as∫
TM
µ˜P (x
′, y′) λ˜l(x
′ρ
i , y
′ρ
i ;x
ν
a, y
ν
a) x˜
′µ
k |x′νi , y′νi 〉 = −ı~δlk|xνa, yνa〉
+
∫
TM
µ˜P (x
′, y′) λ˜l(x
′ν
i , y
′ν
i ;x
ν
a, y
ν
a) x˜
µ
k |x′νi , y′νi 〉.
A consistent criterion extracted from these conditions can be expressed as a condi-
tion on the coefficients λ,
λl(x
′ρ
i , y
′ρ
i ;x
ν
a, y
ν
a)x
′µ
k − λl(x′νi , y′νi ;xνa, yνa)xµk
= λ˜l(x
′ρ
i , y
′ρ
i ;x
ν
a, y
ν
a) x˜
′µ
k − λ˜l(x′νi , y′νi ;xνa, yνa) x˜µk .(4.32)
We now investigate the consistency of the quantum Ut dynamics determined
by the Hamiltonian (3.55) and the quantum relations. We need to consider the
quantized version of the transformations rules for the phase-space coordinates
(xµk , y
µ
k , pxkµ, pykµ). Therefore, apart from the quantum version of the local co-
ordinate transformations (4.31), we need to consider the corresponding quantized
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version of the transformation (3.60),
pˆkxρ =
∂̂x˜µk
∂xρk
ˆ˜pkxµ +
∂̂2 x˜µk
∂xρk ∂x
σ
k
yˆρk
ˆ˜pkyµ(x),(4.33)
pˆkyρ =
∂̂x˜µk
∂xρk
ˆ˜pkyµ.(4.34)
Let us remark that the order of the products in the quantization in (4.34) is irrel-
evant for the evaluation of the canonical commutations (4.34). This is because in
the first entry of the commutators [, ] will entry combinations of positions xˆµk (x˜)
and velocity operators ˆ˜yµ.
We can now show that the quantum relations are compatible with the relations
(4.31)-(4.34). Let us start considering the first set of equations in (4.29). That
they are compatible with the quantum change of operators (4.31) and (4.34) follows
from the commutative sub-algebra generated by such operators and because of the
structure of the transformations (4.31).
Let us consider the second set of quantum relations in (4.11). Then we have that
for the first relation
0 = [xˆµk , pˆylρ] =
[
xµk (
ˆ˜x),
∂̂x˜µl
∂xρl
ˆ˜pylµ
]
=
∂̂x˜µl
∂xρl
[
xµk (
ˆ˜x), ˆ˜pylµ
]
.
Since this happen for any local diffeomorphism x˜ 7→ x, then it must hold the
quantum condition [
ˆ˜x, ˆ˜pylµ
]
= 0.
This result is consistent with the geometric interpretation of the momentum
operators. If the momentum operator ˆ˜pylρ is the generator of the transformation
|xµ, ..., yµl , ...〉 7→ |xµ, ..., yµl + ds δµρ δkl, ...〉,
then a fundamental state such that
yˆµk |xµ, ..., y11 , ..., yµl + ds δµρ δkl, ..., y44N 〉 = (yµρ + ds δµρ δkl)·
· |xµ, ..., y11 , ..., y1l + ds δµρ δkl, ..., y44N 〉.
Therefore, we have that([
xµk (
ˆ˜x), ˆ˜pylµ
])
|xµ, ..., yµl , ...〉 = xµk(ˆ˜x) ˆ˜pylµ|xµ, ..., yµl , ...〉
− xµk (ˆ˜x)ˆ˜pylµ|xµ, ..., yµl , ... xµk (ˆ˜x)〉
= xµk(
ˆ˜x) |xµ, ..., y11 , ..., y1l + ds δµρ δkl, ..., y44N 〉
− ˆ˜pylµ xµk (x˜) |xµ, ..., yµl , ...〉
= xµk(
ˆ˜x) |xµ, ..., y11 , ..., y1l + ds δµρ δkl, ..., y44N 〉
− |xµ, ..., y11 , ..., y1l + ds δµρ δkl, ..., y44N 〉 = 0.
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For the quantum relations (4.30), we can argue in a similar way,
ı ~ δµν δkl = [xˆ
µ
k , pˆxlν ] =
[
xˆµk (x˜),
∂̂x˜λl
∂xνl
ˆ˜pxlλ +
∂̂2x˜σ
∂xaxν
∂̂xa
∂x˜b
ˆ˜yb ˆ˜pylσ
]
=
[
xˆµk (x˜),
∂̂x˜λl
∂xνl
ˆ˜pxlλ
]
+
[
xˆµk (x˜),
∂̂2x˜σ
∂xaxν
∂̂xa
∂x˜b
ˆ˜yb ˆ˜pylσ
]
=
∂̂x˜λl
∂xνl
[
xˆµk (x˜),
ˆ˜pxlλ
]
+
∂̂2x˜σ
∂xaxν
∂̂xa
∂x˜b
ˆ˜yb
[
xˆµk(x˜),
ˆ˜pylσ
]
.
We have just seen that the second commutator is zero. Therefore, we are led to
ı ~ δµν δkl =
∂̂x˜λl
∂xνl
[
xˆµk (x˜),
ˆ˜pxlλ
]
,
which implies the canonical quantum condition
ı ~ δµν δkl =
[
ˆ˜xµk ,
ˆ˜pxlλ
]
.
For the second of the quantum conditions (4.10), the argument is similar:
ı ~ δµν δkl = [yˆ
µ
k , pˆylν ] =
[
∂̂xµk
∂x˜ρk
ˆ˜yρk,
∂̂x˜σl
∂xνl
ˆ˜pylσ
]
=
∂̂x˜σl
∂xνl
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pylσ
]
.
Since the last commutator will be zero, except if k = l and σ = ρ, and since
∂̂x˜σ
l
∂xν
l
∂̂xµ
k
∂x˜ρ
k
= δµν , then the canonical commutation relation holds,
ı ~ δµν δkl =
[
ˆ˜yµk ,
ˆ˜pylν
]
.
Similarly, one can argued for the last of the relations in (4.29)
0 = [yˆµk , pˆxlν ] =
[
∂̂xµk
∂x˜ρk
ˆ˜yρk,
∂̂x˜λl
∂xνl
ˆ˜pxlλ +
∂̂2x˜σl
∂xal ∂x
ν
l
yˆa ˆ˜pylσ
]
=
∂̂x˜λl
∂xνl
([
∂̂xµk
∂x˜ρk
, ˆ˜pxlλ
]
ˆ˜yρk +
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pxlλ
])
+
∂̂2x˜σ
∂xa∂xν
∂̂xa
∂x˜b
ˆ˜yb
(
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pylσ
]
+
[
∂̂xµk
∂x˜ρk
, ˆ˜pylσ
]
ˆ˜yρk
)
= ı ~
∂̂x˜λl
∂xνl
∂̂2xµk
∂x˜ρk∂x˜
λ
k
ˆ˜yρk +
∂̂x˜λl
∂xνl
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pxlλ
]
+
∂̂2x˜σl
∂xal ∂x
ν
l
∂̂xak
∂x˜b k
ˆ˜ybk
(
ı ~ δρσδkl
∂̂xµk
∂x˜ρk
+
[
∂̂xµk
∂x˜ρk
, ˆ˜pylσ
]
ˆ˜yρk
)
.
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Since the last commutator is zero, then we have
0 = ı ~
∂̂x˜λl
∂xνl
∂̂2xµk
∂x˜ρk∂x˜
λ
k
ˆ˜yρk +
∂̂x˜λl
∂xνl
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pxlλ
]
+ ı ~
∂̂2x˜σl
∂xal ∂x
ν
l
∂̂xak
∂x˜b k
ˆ˜ybk
∂̂xµk
∂x˜σk
After some algebraic manipulations, the first and third terms cancel, leading to the
condition
0 =
∂̂x˜λl
∂xνl
∂̂xµk
∂x˜ρk
[
ˆ˜yρk,
ˆ˜pxlλ
]
,
It follows that
0 =
[
ˆ˜yρk,
ˆ˜pxlλ
]
.
With this last developments we complete the proof of our statements on the
compatibility of the canonical conditions, Ut dynamics and local coordinate trans-
formations induced on T ∗TM . Remarkably, some of the above arguments also
apply to the case of the Dirac fermionic dynamical system.
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5. Emergence of the quantum mechanics Hilbert space for
Hamilton-Randers systems
We have introduced in section 3 the elements of Hamilton-Randers dynamical
systems and in section 4 the Koopman-von Neumann formulation of the dynamics
of such dynamical systems. In this section we construct the quantum mechanical
Hilbert space from the Hilbert space HFun from the Koopman-von Neumann for-
mulation of dynamical systems. The quantum mathematical description of states
is recovered from the Koopman-von Neumann formulation of Hamilton-Randers
models by a process of averaging, a procedure justified by the assumed ergodic
properties of the Ut flow. Several examples are explored, including the case of
free quantum systems, that we argue correspond to a particular type of Hamilton-
Randers models. This case allows as to consider generic quantum states from the
perspective of emergence.
5.1. Quantum states from Hamilton-Randers systems. It is the purpose of
this sub-section to show how a generic quantum mechanical wave function can be
expressed in terms of the ontological states {|xµk , yµk 〉}N,4k=1,µ=1, which corresponds
to the Koopman-von Neumann description of the dynamics of Hamilton-Randers
systems. Let us consider a sub-quantum state Ψ ∈ HFun. In terms of Dirac
notation, Ψ can be expressed in the form
|Ψ(u)〉 = 1√
N
N∑
k=1
eı ϑkΨ(ϕ
−1
k
(x),zk) nkΨ(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉,(5.1)
Furthermore, |Ψ(u)〉 has finite ‖, ‖Fun-norm as defined by the relation (4.18). This
is a generic state of the Hilbert space HFun. This state can be seen as a section
of a complex vector bundle on TM . The fundamental assumption beneath our
construction developed below is that every quantum state ψ is obtained from a
predecessor state Ψ by averaging over the speed coordinates. In Dirac notation, it
is the ket given by
|ψ(x)〉 = 1√
N
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk e
ı ϑkΨ(ϕ
−1
k
(x),zk)
nkΨ(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉.(5.2)
The support of the measure d4zk given by (3.9) is restricted to the causal region of
TM determined by the conditions
ηk(zk, zk) ≤ 0, k = 1, ..., N,
where ηk is the metric of the underlying pseudo-Randers space (M
k
4 , ηk, βk). There-
fore, if y˜k lays out of such causal domain, one has that
d4zk(x, y˜k) ≡ 0
formally.
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|ψ(x)〉 is a section of a bundle over M , whose fibers are obtained by fiber in-
tegration [18] from the fibers of the vector bundle determined by the elements
|Ψ(u)〉 ∈ HFun. The fiber averaged origin of |ψ(x)〉 implies a definite geomet-
ric character for that object. Furthermore, the averaging is a linear operation: if
|Ψ(u)〉1 7→ |ψ(x)〉1 and |Ψ(u)〉2 7→ |ψ(x)〉2, then
|Ψ(u)〉1 + λ|Ψ(u)〉2 7→ |ψ(x)〉1 + λ|ψ(x)〉2, ∀λ ∈ C, u ∈ TxM.
The geometric constraints in Hamilton-Randers systems on the components
βk : TM → R imply that the proper maximal accelerations and speeds of the
sub-quantum degrees of freedom are uniformly bounded by universal constants.
The speed defined respect to local coordinate systems identified with free falling
coordinate systems must be smaller than an universal maximal speed, that we as-
cribe to be the local speed of light in vacuum by definition. In this way, consistency
with relativistic theories is partially guaranteed.
The average operation along the speed coordinates is partially justified by the
ergodic property of the Ut flow in the ergodic regime. Given a particular point
x ∈ M4, it is assumed that a form of the ergodic theorem can be applied and as a
result, the average along the t-time parameter in a period [0, 2T ] is identified with
the average along the speed coordinates of the sub-quantum degrees of freedom,
〈·〉t ≡ 1√
N
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk ·,
where this must be understood as an equivalence in the corresponding operations
on a given geometric function living on TM . The position coordinates are not
integrated: they are related with the macroscopic labels used by observers in the
description of the quantum states. The universality of characterizing all possible
measurements and observables by measurements of spacetime positions only is a
generalization of an argument from D. Bohm [15], from which it follows that any
measurement can ultimately be translated to measurements of positions (and time
lapses). Therefore, spacetime description of phenomena is very convenient.
Remark 5.1. One of the fundamental assumptions in Hamilton-Randers theory is
that each fundamental cycle of the Ut evolution has three dynamical regimes: an
ergodic regime, which is the longest one in terms of the t-time parameter, a short
concentrating regime and a short expanding regime. If the Ut flow is exactly ergodic,
it will be more natural to apply a strong form of the ergodic theorem (see for instance
[5]) and assume that time average during the ergodic phase of the Ut is equivalent
to velocity integration (phase space integration or fiber average). However, the
fundamental cycles are not exactly ergodic. For instance, they happen during a
finite lapse of t-time and are promptly. In the resolution of this technical problem,
that is, the use of an ergodic theorem in approximately ergodic dynamical systems,
we believe that it will be essential the discrete character of the Ut dynamics.
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5.2. Quantum states as equivalent classes. ψ(x) as defined by the expression
(5.2) can be re-casted in the following way. Two elements of the Hilbert spaceHFun
Ψ1 and Ψ2 are said to be equivalent if they have the same fiber average, given by
the operation (5.2). This is an equivalence relation ∼〈〉. A quantum state is an
element of the coset space HFun/ ∼〈〉. An element of the coset space containing Ψ
is ψ = [Ψ] := {Ψ˜}, with Ψ˜ determined by having the same average state ψ respect
to averaging along speed coordinates operation. The canonical projection is
HFun → HFun/ ∼〈〉 Ψ 7→ [Ψ] ≡ ψ.(5.3)
The sum operation in the coset space HFun/ ∼〈〉 is defined as follows. If ψ1 = [Ψ1],
ψ2 = [Ψ2], then
[Ψ1 +Ψ2] := [Ψ1] + [Ψ2] = ψ1 + ψ2.
The product by a scalar λ ∈ K is defined by
[λΨ] := λ[Ψ] = λψ.
Since the operation of averaging that defines the equivalence class is linear, these
operations are well defined and do not depend upon the representative of the equiv-
alence classes.
Hamilton-Randers theory makes extensive use of properties of Fourier transform
on the numerical complex field. Thus the number field K is fixed to be the field
of complex numbers C. Then the complex, linear bulk generated by finite combi-
nations of fundamental states ψ is the complex vector space H′. Furthermore, the
projection (5.3) can be extended to all the elements of H′,
HFun → H′,
∑
a
βaΨa 7→
∑
a
βa [Ψa], Ψa ∈ HFun, βa ∈ C.
By application of this map, a generator system of pre-quantum states implies the
existence of a generator system for H′. We will discuss later a natural Hilbert
structure for a sub-set of H′.
The advantage of this quotient procedure for defining the quantum states as equiv-
alence classes respect to the previous one as sections of complex vector bundles over
M is that this second procedure requires to develop further concepts on the topo-
logical structure of the dynamics. Therefore, the equivalence class approach seems
more economical and it is the approach that we shall adopt here. Furthermore, it
is more in agreement with the emergent interpretation of the wave function and
Born rule that we shall develop later.
5.3. Highly oscillating relative phases states. Let us consider two states A
and B associated to the same physical system. The possible differences in energy
and other properties between A and B are originated by different initial conditions
for the sub-quantum degrees of freedom and the interaction with the environment.
Since A and B are associated with the same physical system, the associated sub-
quantum degrees of freedom are denoted by the same set of sub-index k = 1, ..., N ,
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with the only difference between the states A and B being on the configurations
of each k sub-quantum molecule on each tangent space TMk4 . Thus two quantum
states corresponding to the same physical system but with different energy or other
macroscopic observable commuting with the quantum hamiltonian, will have as-
sociated the same Hamilton-Randers dynamical system, although that the initial
conditions for the sub-quantum degrees of freedom could be different.
Given a Hamilton-Randers system, we make the assumption that there is a col-
lection of states corresponding to quantum states {A,B, ...} such that the associated
collection of local phases
{
eı ϑkA(ϕ
−1
k
(x),zk) e−ı ϑkB(ϕ
−1
k′
(x),zk), ... x ∈ M4, zk ∈ Tϕ−1
k
(x)M
k
4 , k = 1, ..., N
}(5.4)
are highly oscillating compared to the characteristic frequency 12T of the corre-
sponding fundamental cycles of the Hamilton-Randers system. Formally, this highly
oscillatory relative phases property is expressed by the conditions
eı ϑkA(ϕ
−1
k
(x),zk) e−ı ϑkB(ϕ
−1
k′
(x′),z′
k′
) ≡ CA δAB δkk′δ(x − x′) δ(zk − zk′),(5.5)
etc..., where CA is a normalization factor depending on the state A (by symmetry,
one should have CA = CB, for all these states A, B,...). Elements of H such
that (5.4) holds are called highly oscillating relative states. Note that by definition
ϕ−1k′ (x
′) = ϕ−1k (x) = x ∈ M4. The volume measure d4zk in ϕ−1k∗ (TxM4) must be
normalized in such a way that the relation
CA
∫
M4
dvolη4
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk |nk(ϕ−1k (x), zk)|2 = N(5.6)
holds good. This relation determines the real constant CA in terms of N .
There could exist many different sets of highly oscillating relative phase states.
The relation between such collections shall be understood once the significance of
the conditions (5.4) is understood. Such conditions pick up a non-generic set of
elements of H′.
5.4. Scalar product in the vector space H′ and the definition of the quan-
tum pre-Hilbert space H. In terms of the ontological states {|xµk , yµk 〉}N,4k=1,µ=1
and using the product rule (4.14), one finds that if the highly oscillating relative
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phase condition (5.4) holds, then∫
M4
dvolη4〈ψA|ψB〉(x) =
1
N
N∑
k=1
∫
M4
∫
ϕ−1
k∗
(TxM4)
dvolη4 ∧ d4zk
N∑
k′=1
∫
ϕ−1
k′∗
(TxM4)
d4z′k′
eı ϑkA(ϕ
−1
k
(x),zk) e−ı ϑkB(ϕ
−1
k
(x),z′
k′
) · nAk(ϕ−1k (x), zk)nBk(ϕ−1k′ (x), z′k′)
=
1
N
N∑
k,k′=1
∫
M4
dvolη4
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
k′∗
(TxM4)
d4z′k′CA δAB δkk′ ·
· δ(zk − z′k′) δ(x− x′)nAk(ϕ−1k (x), zk)nBk(ϕ−1k′ (x), z′k′ )
= δAB
1
N
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk CA nAk(ϕ
−1
k (x), zk)nBk(ϕ
−1
k (x), zk).
This relations imply the orthogonality conditions∫
M4
dvolη4〈ψA|ψB〉 = 0, ifA 6= B(5.7)
for highly oscillating relative phases states. The same procedure implies the nor-
malization rule
∫
M4
dvolη4 〈ψ|ψ〉 =
∫
M4
dvolη4
1
N
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk Cψ n
2
k(ϕ
−1
k (x), zk) = 1,
(5.8)
consistent with our previous condition of normalization. This condition fix the
normalization factor Cψ . He have prove the following
Proposition 5.2. The collection of highly oscillatory relative phase elements of
the form (5.2) satisfying (5.4) determines a set of orthogonal elements of H′.
Definition of the Hilbert space H. The extension of this product operation to
L2-norm normalizable elements in H′ is achieved first by assuming billinearity of
the scalar product compatible with the orthonormality conditions (5.7) and second,
by assuming that the set of orthonormal states is a generator system of the quantum
Hilbert space, that we denote by H. It is direct that H is a complex vector space,
although not necessarily complete. Note that since the elements of H have finite
norm, they are normalizable. Thus the condition (5.8) is re-casted as
‖ψ‖L2 = 1.
These facts suggest that a natural candidate for the scalar product in H is the
map
(|) : H×H → C, (ψ, χ) 7→ (ψ|χ) :=
∫
M4
dvolη4 〈ψ∗ |χ〉.(5.9)
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For any ψ, χ ∈ H, the relation
〈ψ|χ〉 =
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk exp(− ıϑψk(ϕ−1k (x), zk))·
· exp( ıϑχk(ϕ−1k (x), zk))nψk(ϕ−1k (x), zk)nχk(ϕ−1k (x), zk)(5.10)
holds good. Therefore, the scalar product (5.9) of two generic elements ψ, χ ∈ H
can be re-casted as
(ψ|χ) :=
∫
M4
dvolη4
1
N
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk exp(− ıϑψk(ϕ−1k (x), zk))·
· exp( ıϑχk(ϕ−1k (x), zk))nψk(ϕ−1k (x), zk)nχk(ϕ−1k (x), zk)(5.11)
We conclude that the vector space H with the L2-norm is a pre-Hilbert space.
Theorem 5.3. The linear space H with the L2-norm is a complex pre-Hilbert space.
Proof. We need to show that (H, (|)) is a pre-Hilbert space. Many of the properties
for the product (|) follow directly. In particular, The positiveness of the scalar
product (ψ|ψ) > 0, ψ ∈ H follows for arbitrary elements of H. 
It is difficult to get an stronger version of Theorem 5.3 and show that H is a
Hilbert space (complete). It is more practical to assume that this is indeed the
case. For instance, one can consider that the number of degrees of freedom N is
large enough that sums
∑N
k=1 are substitute by infinite sums
∑+∞
k=1 as long as all
the analytical properties used in the above developments remain valid. This limit
corresponds to consider large quantum systems. Beneath this hypothesis is the
possibility to still use Koopman-von Neumann theory in the limit N → +∞.
The condition of highly oscillating relative phases among the elements of certain
collection of elements in H′ opens the question of the relations between different
sets. The answer is given by imposing uniqueness of the scalar product in H′ (and
hence on H), namely, that the sets of vectors are related by unitary transformations
of the product (5.9). However, not all unitary transformations pass from highly
oscillating systems to highly oscillating systems. The track of such systems is lost
once general unitary transformations are implemented in the theory.
The elements of the spaceH will be associated to the states of a quantum system.
Conversely, we make the assumption that any quantum system is described by a
Hilbert space that can be constructed in the above form. The dual space of H is
formed by linear functionals and will be denoted by H∗.
Remark 5.4. In usual quantum mechanics, there is a very relevant quantum func-
tions, namely, the associated with free states, which are not L2-normalizable, if the
spacetime manifold is not compact. Therefore, they are not elements of the Hilbert
space. What they are elements of the Hilbert space are linear combinations of them
defining wave packets. However, due to the relevance of such quantum free states, it
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is reasonable to consider free state wave functions as a generator set of H. An usual
way to accomplish this is by considering compatifications of M4 by regions of finite
volume, and later considering the infinite volume limit. We will not entry now in
this technicalities. Instead, it will be shown later the emergence of free quantum
states from Hamilton-Randers systems, under some heuristic interpretation.
5.5. Representations of the sub-quantum degrees of freedom in terms
of elements of the quantum Hilbert space H. As direct application of the
product rule (4.13) to the states (5.2), one obtains the relation∫
M4
dvolη4(x
′) 〈xk, zk|ψ(x′)〉 = 1√
N
eı ϑΨk(ϕ
−1
k
(x),zk) nΨk(ϕ
−1
k (x), zk).(5.12)
The integral operation in the relation (5.12) reflects the result of a domain of
ergodicity for the Ut evolution.
The expression bears (5.12) some similarity with the quantum mechanical rela-
tion between the space representation and the momentum representation in quan-
tum mechanics for systems with one degree of freedom in three spatial dimensions,
a relation given by the matrix elements
〈~x|~p〉 = eı ~x·~p 1
(2π ~)3/2
.(5.13)
This representation is obtained in quantum mechanics from the coordinate repre-
sentation of the translation operator by solving a first order linear differential equa-
tion. The relation (5.13) determines an unitary transformation relating different
representations of the quantum Hilbert space [27]. On the other hand, expression
(5.12) defines the phase ϑ(ϕ−1k (x), zk) and the module nk(ϕ
−1
k (x), zk) of the bra
state 〈xk, zk| ∈ H∗Fun in terms of the generator system of quantum states |ψ〉 ∈ H.
If we follow up this analogy between (5.12) and (5.13), the role of 〈x| in (5.12) is
played by 〈xk, zk|, while the role of |p〉 is played by the quantum state |ψ〉. Further-
more, the relation (5.12) should be the solution of a partial differential equation
directly related with the Ut-flow. But since the transformation HFun → H is infor-
mation loss and non-unitary, the corresponding equation must reflect this fact: it
must contain dissipative terms. Also, by the operations involved, such differential
equation must be linear.
5.6. Physical interpretation of the density n2(x).
Definition 5.5. The number of sub-quantum particle world lines at x ∈M4 of an
arbitrary element |ψ(x)〉 ∈ H is denoted by n2(x) and is given by the expression
n2(x) =
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n
2
k(ϕ
−1
k (x), zk).(5.14)
As a consequence of the orthogonality relation (5.7), for an arbitrary normalized
combination
∑
A λA |ψ(x)〉A ∈ H the density of world lines passing close to a given
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point x ∈ M4 is not given by the naive expression
n2(x) 6=
∑
A
|λA|2
N∑
k=1
∫
ϕ−1
Ak∗
(TxM4)
d4zAk n
2
Ak(ϕ
−1
Ak(x), zAk),
but for a more complicated expression that have interaction terms included. How-
ever, it holds that ∫
M4
dvolη4 n
2(x) =
∑
A
|λA|2 n2A = N.(5.15)
We now proceed to give a physical interpretation for n2(x). Given a macroscopic
observer W , there is defined the distance structure dW as it was introduced by
the function (3.62). Let us consider an arbitrary point x ∈ M4. We say that
a world line ϕk(ξtk) : I → M4 pass close to x ∈ M4 if its image in M4 by the
diffeomorphism ϕk : M
k
4 → M4 is in the interior of an open set U(x, Lmin) whose
points are at a distance less than  Lmin from the point x ∈ M4, using the metric
distance dW . By application of a strong form of the ergodic theorem (we assume
that such possibility is legitim), the density of lines n2(x) is the number of world
lines ϕk(ξtk) : I → M4 passing close to x for a fixed internal time t(l) for the
l-fundamental cycle t(l) ∈ [(2l + 1)T, (2l + 3)T ]. L˜ defines a notion of locality or
infinitesimal distance. Also, the index A does not play any role in this interpretation
and has been omitted. Indeed, this interpretation holds for any element ψ ∈ H.
This interpretation of the density n2(x) is not Diff(M4)-invariant for generic mod-
els, a fact which is consistent with usual models in quantum mechanics. However,
the existence of measures that are Diff(M4)-invariant allows to construct Diff(M4)-
invariant models, where the density n2k transform appropriately.
Fixed an observer W and local coordinates on M4, n
2(x) is a measure of the
relative presence of the system at the point x ∈ M4. Since these densities can be
normalized, n2(x) can be interpreted as the probability to find a particle at x if
a spacetime position measurement is done. It refers to a system composed of one
particle, like it could be an electron or photon. However, for a preparation of a
system of many individual particles in the same way, n2(x) can be associated with
the statistic ensemble.
5.7. Emergence of the Born rule. Since n2k(ϕ
−1
k (x), zk) is the density of world
lines passing close to ϕ−1k (x) ∈ Mk4 with velocity speed vector zk, then n2(x) can
be read as the total density of world-lines of sub-quantum molecules close to the
point x ∈M4. We have the following result,
Theorem 5.6. For any element ψ ∈ H, it holds that
1
N
n2(x) = |ψ|2(x),(5.16)
Proof. This is direct consequence of the relations (5.10) and (5.14). 
74 EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY
Since n2(x) is the number of world lines of sub-quantum degrees of freedom
passing close to x ∈M4, then 1N n2(x) is the average density of such world lines at
x. Therefore, if an experiment has been done many times in identical systems in
an homogeneous spacetime and if we assume that the tendency to collapse on each
fundamental cycle is given by the time the system pass at a given x, then by the
ergodic properties of the ergodic regime of each fundamental cycle, |ψ|2(x) is the
probability that the system will be found at a point x, if a measurement of spacetime
localization is make. This coincides with the probability to find the system in a
small region around x, if the spacetime position of the system is measured. This
interpretation will be clarified further once we introduce and understand the notion
of collapse in Hamilton-Randers theory in Section 6.
Furthermore, this interpretation for |ψ|2(x) holds individually for each quantum
system: the interpretation of |ψ|2(x) as probability density applies to individual
quantum systems. It is a result from statistical theory that the interpretation can
also be applied to statistical ensembles of identically prepared systems too.
Motivated by the above arguments, we can state the emergent character of Born
rule of quantum mechanics for |ψ|2(x), according to Hamilton-Randers theory.
5.8. Quantum interference and Born rule. For a general combination of ele-
ments from H, the square of the modulus contains interference terms. In the case
of the superposition of two states, one has the relation
|λAψA + λBψB|2 = |λA ψA|2 + |λBψB|2 + 2ℜ(λAλ∗BψA ψ∗B)
= |λA|2 |ψA|2 + |λB|2 ψB |2 + 2ℜ(λAλ∗B〈ψA|ψ∗B〉).
From the other hand, the number of lines function (5.14) is not of the naive form
the form
n2(x)λAψA+λBψB = |λA|2 n2A(x) + |λ2B|n2B(x),
but n2(x)λAψA+λBψB also contains interference terms, that comes from the mixed
phase products of A and B terms,
n2(x)λAψA+λBψB = |λA|2 n2A(x) + |λ2B|n2B(x) + N 2ℜ(λAλ∗B〈ψA|ψ∗B〉).(5.17)
The interference terms are present on the density, but by the orthogonality condi-
tion (5.7), they vanish when integrate on M4. Thus Born rule is fully consistent
with our interpretation. Also, the decomposition of a state ψ does not translate in
an homomorphism on the density. A natural explanation for this is in terms of in-
ternal interactions of the sub-quantum degrees of freedom during the Ut dynamics.
A typical example of quantum interference and the consequent modification of
the associated classical probability theory will be discussed in Section 9.
5.9. Properties of the functions n2k(x) and n
2(x). For each fixed spacetime
point x ∈M4, the number nk(x) associated to an ontological degrees of freedom is
necessarily 1 or 0, depending on wether the k-subquantum degree of freedom pass
close to x or not. If we associate 1N n
2(x), that is the relative probability of presence
EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY 75
of world lines of sub-quantum particles at x ∈ M4, with the probability density
to find the particle at x ∈ M4, then the relation (5.16) is identified with the Born
rule. Following this interpretation, the Born rule is obtained in Hamilton-Randers
theory after an argument involving dynamical and statistical considerations.
The number of lines n2(x) was normalized by the condition∫
M4
dvolη4 n
2(x) = N
and since in our models the number of degrees of freedom N is conserved for an
isolated quantum system, we have the constrain
d
dτ
(∫
M4
n2(x) dvolη4
)
= 0.
The τ -time derivative commutes with the integral operation,
d
dτ
(∫
M4
n2(x) dvolη4
)
=
∫
M4
d
dτ
(
n2(x) dvolη4
)
=
∫
M4
d
dτ
(
n2(x)
)
dvolη4 = 0.
Now let us assume the product structure for M4 = R× M3 and that the invariant
volume form is dvolη4 = dτ ∧ dµ3, where dµ3(τ, ~x) is an invariant volume form on
each leave {τ} ×M3. Then the above constraint is expressed as∫
R×M3
dτ ∧ dµ3 d
dτ
(
N∑
k=1
n2k
)
= 0.
Let us apply a bump diffeomorphism θ : M3 → M ′3 such that θ is the identity,
except for a small region around a point x0 ∈ M3, but such that it produces an
arbitrary bump around x0. Then by the invariance under diffeomorphism property
of the integrals, at the point x0 we have
d
dτ
(
N∑
k=1
n2k
)
= 0.
This expression can be re-written as a continuity equation,
∂n2
∂τ
+ ~v ~∇n2 = 0.(5.18)
In this expression the vector field ~v stands for the field of an hypothetical fluid
that makes the above equation self-consistent. The fluid describe the evolution of
the sub-quantum degrees of freedom. Hence it has a different interpretation than
in quantum mechanics [14] and that in Bohm theory [15]. The existence of the
vector field ~v must be imposed in Hamilton-Randers theory, in contraposition with
quantum mechanics, where it is fixed by demanding compatibility with Schro¨dinger
equation.
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A natural candidate for ~v is given by
~v ∝
N∑
k=1
~∇kϑk,(5.19)
in analogy with quantum mechanics. In order to make this interpretation consistent,
the collection of densities {n2k, k = 1, ..., N} must be related with the collection of
phases {ϑk, k = 1, ..., N}, in order to reconcile the relations (5.18) and (5.19). Such
dependence must include relations of the form
N∑
k=1
~∇k ϑk ∼= ∂n
2
∂τ
1
~∇n2
.
5.10. Heuristic proof of the emergent nature of free quantum states from
Hamilton-Randers systems. As an example of the models that can be associ-
ated to Hamilton-Randers systems, let us consider a quantum state of a physical
system described by a free state |Pµ〉. In terms of the basis of spacetime position
eigenstates |Xµ〉, the state is decomposed as
|Pµ〉 =
∫
M4
d4x 〈Xµ|Pµ〉 |Xµ〉,
where the coefficient 〈Xµ|Pµ〉 is a scalar. If the states |Pµ〉 and |Xµ〉 are of the
type described by Hamilton-Randers models, then by linearity
〈Xµ|Pµ〉 = 1√
N
N∑
k=1
∫
ϕ−1
k
(TxM)
d4zk exp(ı ϑkP (ϕ
−1
k (x), zk))nkP (ϕ
−1
k (x), zk)
〈Xµ|ϕ−1k (x), zk〉.
The scalar 〈Xµ|ϕ−1k (x), zk〉 is understood in the sense of the scalar product inHFun.
In order to compare with the free solution of the Schroedinger equation in quantum
mechanics, represented by the expression
〈Xµ|Pµ〉 = 1
(2π~)4/2
exp
(
− ıX
µPµ
~
)
,(5.20)
we make the following ansatz:
exp
(
ı ϑkP
(
(ϕ−1k (x), zk)
))
= exp
((
− ıx
µzµ
~
))
,(5.21)
nkP (ϕ
−1
k (x), zk) ∝ δ(zk − P ).(5.22)
Formally, this ansatz is consistent. Applying this relations in the expression for
|Pµ〉 leads to the relation
〈Xµ|Pµ〉 ∝ 1√
N
N∑
k=1
exp
(
− ıx
µPµ
~
)
〈Xµ|ϕ−1k (x), P 〉.
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Thus to recover (5.20) it is necessary that
1√
N
N∑
k=1
〈Xµ|ϕ−1k (x), P 〉 ≡
1
(2π~)4/2
∫
M4
dvolη4 δ(x−X).(5.23)
These equivalence in these expressions can be heuristically justified if we note that
the number of degrees of freedom N is large and during the Ut evolution, there is a
large ergodic regime. In this way, the sum over k can be substituted by an integral
operation over spacetime M4, conveniently normalized. On the other hand, for a
state |P 〉 there is homogeneity in the spacetime probability density distribution.
Therefore, the dependence on x and X must be as homogeneous as possible. Also,
the appearance of 〈Xµ|ϕ−1k (x), P 〉 must be proportional to δ(x−X).
In the above heuristic arguments, a four-dimensional covariant formulation has
been adopted, consistently with the formulation of Hamilton-Randers theory. In
particular, this is consistent with the existence of a local maximal speed.
5.11. Conclusion on the emergent character of quantum states. It is worth
good to remark the importance of the free quantum case. Due to the linearity
property of the operations involved in the map HFun → H, the emergent character
can be extended to arbitrary linear combinations of free states with finite norm.
Indeed we have that
Theorem 5.7. If a Hilbert space H admits a generator system composed by free
states, then any element of H is recovered from an element of HFun by fiber aver-
aging.
Hence we can argue that all wave functions of quantum mechanical systems have
an emergent character, in the sense that they correspond to elements ψ ∈ H with
an ansatz of the form (5.2) in terms of ontological states.
Free spinor wave functions are easily described in a similar way. This is in
consistence with the methods discussed in section 4.
5.12. An example of interacting Hamilton-Randers models. The following
example is taken from [38] and describes a method to introduce non-trivial inter-
actions in Hamilton-Randers theory. Suppose a system composed by two identical
elementary system, being their dynamics described by a deterministic Hamiltonian
of the form (4.22), their Hamiltonian are determined by (α1, β1) and (α2, β2). The
1-forms βi, i = 1, 2. have norm less than one by the corresponding Riemannian
norms αi, i = 1, 2. There are at least two ways to produce a bigger Randers space
using just the above geometric data:
(1) The first way is valid for complete general structures
α = α1 ⊕ α2; β = β1 ⊕ β2.
This construction does not produce interaction terms in the total Hamil-
tonian. There is a priori not relation α1 α2.
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(2) The second form recovers the impossibility for a external observer to dif-
ferentiate between identical particles:
~p = ~p1 × ~0 + ~0× ~p2; ~β = ~β1 × ~0 + ~0× ~β2,
α = α1 ⊕ α2; α1 = α2.
The quantum total Hamiltonian is given by:
~β(~p) =
(1
2
~β1(~p1) + ~β1(~p2) + ~β2(~p1) + ~β2(~p2)
)
.
The mixed terms produce the interaction. The condition α1 = α2 is to
ensure that the above construction is a Randers space.
The interaction of the quantum systems is related with the interchange of some
sub-quantum degrees among them. This general interaction is the common cause
for quantum entanglement.
5.13. Emergence of the classical τ-time diffeomorphism invariant con-
straint. The relation (4.27) is a constraint on HFun. Since H ≡ HFun/ ∼〈〉, an
analogous constraint can be applied to a subset of elements inH, which corresponds
to physically admissible quantum states. Such constraint on the Hilbert space H
is a quantum version of the τ -time diffeomorphism invariant condition,
Proposition 5.8. For any physical state |ψ〉 ∈ H the constraint
lim
t→(2n+1)T
Ĥt(u, p) |ψ〉 = 0, n ∈ Z.(5.24)
holds good.
This constraint holds periodically in the parameter t, with a periodicity 2T .
Thus τ -time re-parametrization invariance only holds in the metastable domain
D0. This is in agreement with the diagonal Diff(M4)-invariance symmetry of the
Hamilton-Randers systems formulated in section 3.
One could be tempted to think that the constraint (5.24) can be interpreted
as a Wheeler-de Witt equation. However, there are two main differences between
(5.24) and Wheeler-de Witt equation. The first is that we did not specified a
particular model for the Hamiltonian Ĥt. Thus the relation (5.24) with Wheeler-
De Witt equation is purely formal. Second, the constraint (5.24) only holds in
the metastable regime D0 and the expanding regime and not during the whole Ut
flow evolution. Therefore, condition (5.24) express the consistency between the
dynamics of Hamilton-Randers models with local time diffeomorphism invariance.
5.14. Remarks on the ergodic properties of Hamilton-Randers models.
In an ergodic dynamical system the average on time evolution coincides with the
average in phase space (see for instance, [5]). In our application of this notion
the case of Hamilton-Randers models, the time average is taken along the t-time
evolution, in contrast with the usual time average along the τ -time in dynamical
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systems theory and classical mechanics. The distinction among them is founded and
viceversa, serves, on the emergent character of any macroscopic τ -time parameter.
A second fundamental difference between the use that we make and the usual
form of the ergodic theorem is on the global properties of the fiber integration to
make the average. In the usual applications the average is taken along the phase
space or the configuration space of the dynamical system. However, in Hamilton-
Randers models the average is taken along the velocity coordinates only. It is a
fiber averaging in a tangent space, even if the evolution takes place in configuration
space TM , that involves also locations.
5.15. An argument in favour of the discreteness of the Ut dynamics. We
associated a probabilistic interpretation to the density of presence of sub-quantum
degrees of freedom at a given point. Note that the number of degrees of freedom
is finite and of order N . One way in which this interpretation can be implemented
more effectively is when the degrees of freedom pass through the allowed domain
of spacetime many times, a notion that makes sense through the ϕk : M
k
4 → M4
diffeomorphisms. This implies that the spacetime must be discrete, since in order
to pass several times by the same point of a spacetime, the sub-quantum degree of
freedom need to turn direction in the tangent spacetime. In the case of continuous
evolution, this implies either the existence in abundance of closed timelike curves,
as the most common world lines for sub-quantum degrees of freedom, or that the
sub-quantum degrees of freedom need to surpass the assumed universal speed limit,
the local speed of light. Neither of this possibilities is rather promising.
But if the Ut dynamics is discrete, there is the possibility to invert the speeds
of the sub-quantum degrees of freedom without surpassing the limiting speed and
limiting acceleration. This inversion is formally described by the map
(x, y, px, py) 7→ (x,−y,−px, py).
Although this inversion operation is applied to the level of the sub-quantum atoms,
it induces the time inversion operation (3.37) acting on the quantum Hilbert space
H.
One direct implication of this idea is the determination of the value of the max-
imal acceleration. If the minimal distance that can change a sub-quantum degree
of freedom at each step of the dynamics is of the order of the Planck length LP ,
then the acceleration due to a reverse interaction must limited by
Amax =
2 c2
Lp
.(5.25)
The maximal acceleration given by this expression is four times larger than the
given by (2.6) and twice the one given by (2.7). The correct value should depend
on the final correct model of dynamics, but these argument suggest that it must be
on this scale of acceleration.
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6. Concentration of measure and natural spontaneous collapse in
Hamilton-Randers systems
6.1. On the regularity of the mathematical functions and operators dur-
ing the concentrating regime. It was assumed that the fundamental cycles of
the Ut-flow dynamics of Hamilton-Randes spaces are composed by a series of ergodic
regimen, concentration regime and expanding regime. We have seen in the previous
Section how from the Koopman-von Neumann description of the Hamilton-Randers
dynamics leads to a derivation of the existence of the quantum Hilbert space effec-
tively describing the physical system. In such derivation, the ergodic properties of
the Ut-flow play a fundamental role.
In this Section we discuss the general mathematical framework for the concen-
tration regime of the fundamental dynamical cycles. The reduction of the allowable
phase space that happens during such domain of the fundamental regime is math-
ematically described by using functions which are 1-Lipschitz, an assumption that
also extends to the pertinent operators (we shall speak of 1-Lipschitz operators for
the Ut-flow, for instance). This notion of regularity is defined as follows,
Definition 6.1. A function f : T1 → T2 between two metric spaces (T1, d1), (T2, d2))
with λ > 0 is λ-Lipschitz if
d2(f(x1), f(x2)) ≤ λd1(x1, x2), ∀x1, x2 ∈ T1.
The λ-Lipschitz condition implies existence and uniqueness of solutions for ordi-
nary differential equations in compact sets [30]. In the case of λ = 1, the Lipschitz
condition determines the natural class of maps in metric geometric that preserve
invariant global properties of metric spaces (see for instance [45]).
For Hamilton-Randers systems, λ-Lipschitz functions accommodate the require-
ment that the difference on variations are contained on uniform cones. The Lips-
chitz condition is related with the mathematical assumptions in Hamilton-Randers
theory on the finiteness of the speed and uniformly bounded proper acceleration of
the sub-quantum atoms and molecules. Although these bounds are implemented at
the level of the infinitessimal neighborhoods, they are consistent with λ-Lipschitz
condition. In this way, the 1-Lipschitz condition is not required for the whole
Ut-flow, but only in the contractive regime of each fundamental cycle.
Since each of the intervals {[(2n − 1)T, (2n + 1)T ], n ∈ Z]} are compact, for
locally Lipschitz functions there is a finite constant Kn where the Kn-Lipschitz
condition holds in each cycle labeled by n ∈ Z. If we assume that
K = sup{Kn, Z} < +∞,
then by a suitable normalization one can consider f → f/K := f˜ , the function f˜
is 1-Lipschitz. Such normalization can be understood as a change on the scale with
which the observable described by the function f is measured. Thus it should be
enough for our purposes to consider 1-Lipschitz functions, including contractions.
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The relevant mathematical theory when dealing with 1-Lipschitz functions as
description of physical properties of Hamilton-Randers systems is concentration of
measure [45, 61, 73]. The fact from concentration of measure needed for Hamilton-
Randers theory is, in a nutshell, that 1-Lipschitz functions are almost constant
almost everywhere for a rather general type of metric spaces of high dimension.
When concentration is applied to Hamilton-Randers dynamical systems, it provides
a mechanism to explain the fact that any an observable is measured respect to any
physical quantum state, the measurement outcome has a well defined value. The
key points for the mechanism are:
(1) During the concentration dynamical regime of each fundamental cycle, the
operator Ut is 1-Lipschitz in the sense that when Ut is applied to 1-Lipschitz
functions, the result is 1-Lipschitz. By application of the concentration of
measure, such functions must be almost constant almost everywhere.
(2) Only during the concentration regime measurement of observables is pos-
sible. That is, any measurement takes place during a concentration regime
of a fundamental cycle.
In the first statement it is assumed that physical observables are associated with
1-Lipschitz functions of the sub-quantum degrees coordinate and momentum vari-
ables. In the second statement it is made the assumption that measurement happen
during the concentration regime only.
As a result of this mechanism, when measurements of the properties of the system
are performed, the outcome is always a well-defined value without dispersion.
6.2. Concentration of measure. Let us discuss the application of concentration
of measure (see for instance the theory as developed in [45, 61] and also the in-
troduction from [73]) to Hamilton-Randers dynamical models. The concentration
of measure is a general property of regular enough functions defined in high di-
mensional topological spaces T endowed with a metric function d : T × T → R
and a Borel measure µP of finite measure, µP (T) < +∞ or a σ-finite measure
spaces (countable union of finite measure spaces)6. For our applications, we also
require that the topological space T has associated a local dimension. This will
be the case, since we shall have that T ∼= T ∗TM , which are locally homeomorphic
to R16N , if M4 is the four dimensional spacetime and N is the number of sub-
quantum molecules determining the Hamilton-Randers system. The phenomenon
of concentration of measure for the category of topological spaces admitting a well
defined dimension, can be stated as follows [73],
In a measure metric space of large dimension, every real 1-Lipschitz function of
many variables is almost constant almost everywhere.
Here the notion of dimension needs to be specified, since the space in question is
6There are other technical conditions on the topological and metric structure of T, but we
shall not entry on these details [45].
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not necessarily of the form R16N , but for our applications the notion of dimension
is the usual one of differential geometry.
In the formalization of the concept of concentration of measure one makes use
of the metric and measure structures of the space T to provide a precise meaning
for the notions of almost constant and almost everywhere. The notions of measure
structure µP and metric structure d : T × T → R are independent from each
other. Indeed, the standard framework where concentration is formulated is in the
category of mm-spaces [45] and for 1-Lipschitz functions. However, for the reasons
discussed above, we shall pay attention to a class of such spaces, namely, the one
admitting a well defined local dimension. Despite this, the spaces that we shall
consider will be called mm-spaces and denoted as for example (T, µP , d).
In a measure metric space (T, µP , d), the concentration function
α(µP ) : R→ R, ρ 7→ α(µP , ρ)
is defined by the condition that α(µP , ρ) is the smallest real number such that
7
µP (|f −Mf | > ρ) ≤ 2α(µP , ρ),(6.1)
for any 1-Lipschitz function f : T → R. Thus α(µP , ρ) does not depend on the
function f . Mf is the median or Levy’s mean of f , which is defined as the value
attained by f : T→ R such that
µP (f > Mf ) = 1/2 and µP (f < Mf) = 1/2.
Therefore, the probability that the function f differs from the median Mf in the
sense of the given measure µP by more than the given value ρ ∈ R is bounded by
the concentration function α(µP , ρ). Note that the function f must be conveniently
normalized, in order to differences be compared with real numbers.
Example 6.2. A relevant example of concentration of measure is provided by
the concentration of measure in spheres SN ⊂ RN+1. Let (SN , µS , dS) be the N -
dimensional sphere with the standard measure and the round metric distance func-
tion. As a consequence of the isoperimetric inequality [61] it holds that for each
A ⊂ SN with µ(A) ≥ 1/2 and ǫ ∈ (0, 1), the set
Aǫ := {x ∈ SN s.t. dS(x,A) ≤ ǫ}
is such that
µS(Aǫ) ≥ 1−
√
π/8 exp(−ǫ2 (N − 1)/2).(6.2)
Let f : SN → R be a 1-Lipschitz function and let us consider the set
A := {x ∈ SN s.t. f(x) ≤ Mf}.
7The concentration function α(µP , ρ) is introduced here in a slightly different way than in
[45, 73].
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Then from the definition of the Levy’s mean, it turns out that µS(A) ≥ 1/2, which
leads to the the concentration inequality [61]
µS(Aǫ) ≥ 1−
√
π/8 exp(−ǫ2 (N − 1)/2).
An important consequence of the relation (6.2) is that for high dimensional
spheres N → +∞ and for each ǫ ∈ (0, 1) (note that the radius of the sphere is
normalized, such that ǫ = 1 is the maximal distance between points in the sphere),
for almost all the points on the sphere (that is, module a set of measure zero by the
measure µS) the limit condition
lim
N→∞
µ(Aǫ)→ 1
holds good. That is, the 1-Lipschitz function f must be almost constant on SN ,
concentrating its value at the median Mf . In particular, for the sphere S
N the
concentration of 1-Lipschitz functions is of the form
α(PM , ρ) ≤ C exp
(
− (N − 1)
2
ρ2
)
,(6.3)
with C a constant of order 1.
Example 6.3. The second example of concentration that we consider here refers
to 1-Lipschitz real functions on RN (compare with [73], pg. 8). In this case, the
concentration inequality is of the form
µP
(
|f −Mf | 1
σf
>
ρ
ρP
)
≤ 1
2
exp
(
− ρ
2
2ρ2P
)
,(6.4)
where we have adapted the example from [73] to a Gaussian measure µP with median
Mf . In the application of this concentration to Hamilton-Randers models, ρP is a
measure of the minimal standard contribution to the distance ρ per unit of degree of
freedom of the Hamilton-Randers system. ρρP must be independent of the function
f . σf is associated to the most precise physical resolution of any measurement of
the quantum observable associated to the 1-Lipschitz function f : RN → R.
For 1-Lipschitz functions on a measure metric space T of dimension N there
are analogous exponential bounds as for examples 6.2 and 6.3. In general, the
phenomenon of concentration is a consequence of the Lipschitz regularity condition
of the function f : T → R and the higher dimensionality of the space T. For
dim(T) large, the concentration of measure implies that the values of 1-Lipschitz
functions are very picked around a certain constant value.
6.3. Heuristic interpretation of the concentration of 1-Lipschitz func-
tions. Let f : T → R be a 1-Lipschitz function on a normed topological space
(T, ‖, ‖T) locally homeomorphic to RN . Then the 1-Lipschitz condition is a form of
equipartition of the variations of f originated by an arbitrary variation on the point
on the topological space T where the function f is evaluated. When the dimension
of the space T is very large compared with 1, the significance of the 1-Lipschitz
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condition is that f cannot admit large standard variations caused by the corre-
sponding standard variations on the evaluation point of T. Otherwise, a violation
of the 1-Lipschitz condition can happen, since the large dimension provides long
contributions to the variation of f .
Note that for application in Hamilton-Randers models, in order to speak of large
and small variations, one needs to introduce reference scales. This is our motivation
to introduce the scales σf and also the distance variation by degree of freedom ρP
in Example 6.3.
6.4. Natural spontaneous collapse as concentration of measure phenom-
ena. We apply the theory of concentration to Hamilton-Randers models by first
modelling T ∗TM locally as homeomorphic to R8N with N ≫ 1. The measure
µP on T
∗TM will be the pull-back of the standard product measure in R8N . We
assume that there is concentration of measure determined by the inequality (6.4).
Let f : R16N → R be a real valued function describing locally a property of the
Hamilton-Randers model. Let us also assume that f is Lipschitz and consider its
flow under the Ut dynamics in the domain where Ut is concentrating. The math-
ematical formulation of the concentrating condition is that in such regime, the
induced map associated to the geometric flow (3.4)
Ut : T
∗TM × I → T ∗TM, I = ∪n∈ZIn, In ⊂ [2n− 1, 2n+ 1] ∈ R
is a 1-Lipschitz evolution operator. Then the function f must be constant almost
everywhere along the image produced by the Ut evolution on that regime. On
the other hand, for observations performed with a macroscopic or quantum scale
associated to any measurement on a quantum system, one expects that the relation
|f −Mf | 1
σf
∼ N, 1≪ N,(6.5)
holds good, where σf is associate with the standard change f by sub-quantum
degree of freedom scale and N is the number of sub-quantum molecules. This
relation is consistent with the concentration inequality relation (6.4) if
ρ
ρP
∼ N,(6.6)
where ρ is a distance function on the space T ∗TM4. ρP is a distance scale on
each of the spaces T ∗TMk4 . Therefore, it is natural that the quotient of these two
quantities ρρP is of order N , indicating an equipartition on the contribution to the
distance ρ among the number of degrees of freedom.
If the quantum system corresponds to a Hamilton-Randers system of N sub-
quantum molecules, then the configuration space TM is such that locally it is
homeomorphic to R8N . σf is the minimal theoretical resolution for an observable
associated to the function f : T ∗TM → R. σf is associated to the variation of
f induced by a minimal variation of the configuration state of one sub-quantum
particle. Therefore, for a quantum state associated to a Hamilton-Randers system
described by N sub-quantum atoms, the variation on f that we should consider is of
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order 8Nσf , which is the typical measurable minimal value for a quantum system
under an additive rule. By the relation (6.5), if the concentration of measure
relation (6.4) is applied to a 1-Lipschitz function f respect to all its arguments in
the 1-Lipschitz dominated regime of Ut
µP (|f −Mf | > 8N σf ) ≤ 1
2
exp
(−32N2) .(6.7)
Note that although the quotient |f −Mf |/σf can be large, the value 8N can also
be large, for N large compared to 1. The relation
|f −Mf | ∼ 8Nσf
provides us with the limit where the dynamics do not present concentration of
measure, in the sense that the concentration of measure will be non-effective. This
threshold is associated with the violation of the 1-Lipschitz property of the function
f and with the additivity of f respect to the values of individual sub-quantum
degrees of freedom.
An important consequence of concentration is that for functions associated with
measurements of the properties of quantum systems and since N ≫ 1 there must
be concentration of measure around the median Mf with probability very close to
1. Thus if a measurement of an observable associated with f is performed, the
value Mf is to be found with probability very close to 1 and in practice, equal to
1 in the regime where the Ut evolution is 1-Lipschitz.
Remark 6.4. Other scaling laws with N instead of (6.5)-(6.6) are plausible. For
instance, the scaling could be of order
√
N . This relation will produce also concen-
tration, but in a weaker form. From now on, we stick on the assumption that the
relations (6.5)-(6.6) hold good.
6.5. Fundamental and highest quantum scale. In Hamilton-Randers theory,
there are two natural quantum scales: the fundamental scale and the highest scale
where the systems are conveniently described by quantum models. These two scales
are related with the minimal and maximal number of degrees of freedom for systems
where the Ut dynamics is applicable to obtain different results from what it could
be a classical, relativistic dynamics. These to scales are denoted by Nmin and
Nmax respectively. Both Nmin and Nmax are much larger compared with N = 1,
implying that for such systems concentration of measure applies in an effective way
as discussed above, with well defined values for any measurement of an observable
in the concentration regime. As it stands currently, quantum theory does not
provide a value for Nmax and Nmin, but it is assumed that for both, concentration
of measure can be applied for these systems.
For systems with N < Nmin, the dynamics corresponds to a deterministic, ge-
odesic system with N degrees of freedom and concentration of measure does not
apply. For N = 1, we have a sub-quantum molecule dynamics, which is a Hamilton-
Randers deterministic system.
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Leaving a detailed discussion for Section 7, for the sake of concreteness, let us
make here the assumption that the scale that corresponds to Nmin is higher than
any standard model scale. Under this hypothesis, N2min is large for all practical
purposes in the application of the concentration phenomena to elementary parti-
cle systems. In particular, it is assumed in Hamilton-Randers model that all the
particles of the standard model are describe by Hamilton-Randers systems with N
large.
On the other side of the spectrum, for systems with N > Nmax, the systems ap-
pear almost permanently collapsed. This corresponds to a classical evolution, either
in the sense of a classical point dynamics, fluid dynamics or a classical field theory.
Nmax systems correspond to the higher distance scale or the highest mesoscopic
scale where the system still shows quantum properties. In a first approximation,
Nmax can be taken instead in the limit N → +∞ in all mathematical expressions.
6.6. N as a measure of the complexity of the system. From the relation
(6.6), one reads that the integer N ∈ N provides a measure of the complexity of the
quantum description of the physical system compared with the complexity of the
associated Hamilton-Randers description. For instance, the degree of complexity of
the quantum system could be of order 1, if there is one quantum particle involved.
In this simple case, the order of complexity 1 is of the same order than the dimension
of the model spacetime manifold M4, the number of spin degrees of freedom and
other quantum numbers associated with the quantum mechanical description of the
elementary quantum particle. In contrast, the degree of complexity of the associated
Hamilton-Randers description is of order N >> 1. This measure of the complexity
of the system is related to the measure given by the semi-period T , or equivalently,
the mass m of the system, which is a measure of the relativity complexity among
different physical systems. Indeed, for the two models of semi-period discussed
before, the notions of complexity coincide.
6.7. Notions of classical and quantum interaction. In Hamilton-Randers dy-
namics, the fundamental degrees of freedom should interact along the Ut dynamics,
since they are clearly not in free evolution during the whole Ut flow. That there
must be interactions between them, is clearly manifest, for instance, by the as-
sumed structure of the cycles. Thus even in the case of an effective free quantum
evolution, there are interactions among the sub-quantum degrees of freedom.
Depending on the domain of the fundamental cycles where an interaction is
dominant, a clear distinction between a notion of classical interaction and a notion
quantum interactions is drawn as follows,
Definition 6.5. In Hamilton-Randers theory, a classical interaction is an interac-
tion which is dominant only on the metastable domain D0 containing the metastable
points {t = (2n+ 1)T, n ∈ Z} of each fundamental cycle.
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In Hamilton-Randers theory, a quantum interaction is an interaction potentially
dominant at least in the interior of the fundamental cycles
{∪n∈Z [(2n− 1)T, (2n+ 2)T ]} \D0.
Since quantum interactions are not only restricted to the domain D0 of each
fundamental cycle, after the formal projection (t, τ) 7→ τ , under the Uτ evolution
quantum interactions are characterized by transition probability amplitudes asso-
ciated to quantum transitions between quantum states.
Following the above argument, the dynamical variables describing fields that can
have a quantum interaction must be non-local from the point of view of the space-
time description. This is because the ergodic character of the Ut dynamics in the
interior of each cycle. Such ergodicity is implanted here in interactions among the
sub-quantum degrees of freedom that correspond to different systems and differ-
ent points of the spacetime. Examples of quantum interactions are gauge theories,
whose exact quantum mechanical description is given by holonomy variables. The
Aharonov-Bohm effect is an example of non-local quantum effect which is usually
interpreted in terms of non-local holonomy variables [20].
6.8. Locality in field theory. Therefore, in the above contest of non-locality in
the variables describing quantum gauge theories, is it there a reasonable notion of
local gauge theory? In the case of evolution of the holonomy variables, however,
could be restricted by locality conditions. Let us consider the Hamiltonian formu-
lation using loop variables of the gauge theory. Then the physical states of the field
interaction must be such that the Hamiltonian density operator Ĥ(x) commute for
spacetime points x, x′ which are not causally connected.
In contrast, a classical interaction as defined above can be described directly
in terms of local variables, since a classical interaction is dominant only on the
domain D0 where all the observable properties of the system defined by 1-Lipschitz
functions f : T ∗TM → R are well defined locally in spacetime M4. However, it is
reasonable that the variations should be constraint also to be local, in the sense
that propagation of the interaction must be bounded by causal conditions. This
constraint is consistent with the causal structure of the sub-quantum degrees of
freedom.
The relevant example of a classical interaction of this type is gravity, as we shall
discuss later in Section 7.
6.9. Notion of natural spontaneous quantum state reduction. The concen-
tration of measure for functions that happens in the concentrating regime of the Ut
flow provides a natural mechanism for the reduction of the quantum state. How-
ever, such reduction processes not only happen when the quantum system is being
measured by a measurement device. On the contrary, they are spontaneous pro-
cesses that happen right after the ergodic regime in each fundamental cycle of the
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Ut-evolution. This is the reason of the name natural reduction processes, in con-
trast with induced reduction of the quantum state by an interaction with a quantum
measurement device [26, 42, 63]. A natural reduction process does not necessarily
changes the quantum state of the system, neither it is necessarily associated with
quantum measurement processes. In contrast, in a measurement process the mea-
surement device can change the original quantum state, since there it will be an
interaction between the system being measured and the apparatus measurement.
This is described, for instance by von Neumann models of interaction between the
quantum system with the measurement device.
The interaction responsible for the natural spontaneous collapse of the state is
classical, since it is dominant only in contractive domain the metastable equilibrium
domain D0, when all the observable properties of the system are localized by the
effect to the same interaction driving Ut. As a consequence of this phenomenon, the
properties of the system appear as macroscopically well defined when the system is
measured by means of a macroscopic measurement device.
6.10. A new universal limitations in the description of physical system.
If the initial conditions of the degrees of freedom of a Hamilton-Randers system
are fixed, then the evolution of the median Mf is fixed as well. However, it is
technically impossible for a macroscopic observer to determine the initial conditions
of the sub-quantum degrees of freedom. It is also difficult to fix operationally τ0
and hence the long time dynamics of the average value Mf . Furthermore, although
the Hamilton-Randers dynamics is deterministic, if we adopt Assumption A.9. of
Section 2, the system will necessarily be chaotic and hence unstable and sensitive
to initial conditions. Indeed, for the dynamical systems that we are considering
and if βk functions are not linear functions, the dynamics is chaotic.
These circumstances impose a fundamental limitation in the knowledge that we
can obtain on the dynamics of particular system. Such limitation is universal.
The natural way to describe the long term dynamics for Hamilton-Randers sys-
tems is by using probabilistic methods, with the probability distribution function
determined by the fundamental Ut flow of the system during the ergodic regime.
In particular, the probability distribution function is associated with the density of
world lines of sub-quantum molecules as discussed in Section 5.
6.11. Emergence of the classical domain. We have identified the concentrating
regime of the domain D0 with the observable domain, that is, the domain of the
fundamental dynamics where the observable properties of the system, capable to be
observed by the macroscopic observerW , are well defined. When such identification
effectively works, then
(1) The dynamics is dominated by 1-Lipschitz operators and
(2) Each observable associated with a 1-Lipschitz function of the sub-quantum
degrees of freedom have well defined values at each instant τn associated
with the n-cycle of the Ut flow.
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Example 6.6. Under the assumptions that are discussed in the next section, the
average position and speed coordinates associated to the system of {1, ..., N} of sub-
quantum molecules of an arbitrary Hamilton-Randers model are 1-Lipschitz func-
tions. If we identify these functions with the observables position and speed of the
system, these observables will have well defined values when they are measured.
6.12. Quantum fluctuation and prepared states. A natural notion of quan-
tum fluctuation arises in connection with the emergence character of observable
quantities. This is because the ergodic property of the Ut flow implies that the
sequence in τ -time of the values achieved by generic physical observables can be
discontinuous. Given an observable f : H → H, the values that we could assign
after measuring on a time series is, according to Hamilton-Randers theory, given
by an ordered time series {f(τn), n ∈ Z}. Then the uncertainty in the value of the
observable can be measured by the differences
δf := min{f(τn)− f(τn+1), n ∈ Z}.
In general, for measurements on generic quantum states, δf ∼ f , indicating the
existence of quantum fluctuation.
There is one exception to this rule, namely, the case of prepared states. In a
prepared state, a given macroscopic observable is well defined during the whole Uτ
evolution: repeated consecutive measurements of the observable will give the same
value. How is this compatible with the emergent origin of quantum fluctuations?
A characterization of prepared state is need in the language of Hamilton-Randers
dynamics.
Definition 6.7. A prepared is state is an element of H such that the mean Mf for
a given observable is constant during the Ut flow.
Therefore,Mf is constant and the same for all fundamental cycles. For example,
to prepare an state of a given energy, the system is manipulated such that ME is
fixed, where E is an eigenstate of the matter Hamiltonian operator. If one selects
another observable, for instance a spin component, the state will in general change.
In the situation when the prepared state has constant meansME andMS , the state
is prepared with defined energy and spin. Thus the characteristics of prepared states
are associated to compatible conserved means Mf during the Ut flow.
The above argument shows that constant of motion of the Ut flow are constant
of motion of the quantum dynamics associated to the Uτ dynamics.
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7. Hamiltonian bound mechanism, the emergence of the weak
equivalence principle and classical gravitational interaction
This Section investigates further consequences of the application of concentra-
tion of measure phenomena to Hamilton-Randers models and some related issues.
First we provide a mechanism to bound from below the spectrum for a proposed
matter Hamiltonian. This is necessary if we aim to relate the theory with standard
quantum mechanics. The theory developed here provides a formal definition for
the Hamiltonian for mater. Second, we use concentration of measure to show that
gravity can be identified with a 1-Lipschitz, classical interaction. This identifica-
tion is based upon a formal analogy since such interaction is relativistic, it must
have a kind of diffeomorphism invariance, heritage from the underlying Hamilton-
Randers dynamical systems, and the weak equivalence follows from first principles.
In addition, the 1-Lipschitz interaction must be compatible with the existence of an
universal maximal acceleration. This last condition implies a necessary deviation
from general relativity. Furthermore, the regime where such identification takes
place corresponds to the regime where all the possible observables have a well de-
fined value, that is, it corresponds to a classical dynamical regime. Hence gravity
must be a classical interaction. Gravity is an essential ingredient in the mechanism
to bound from below the Hamiltonian for mater.
7.1. Lower bound for the energy level of the matter Hamiltonian. Let us
consider the decomposition of the Hamiltonian operator Ĥt given by (4.22) in a
1-Lipschitz component ĤLipschitz,t and a non-Lipschitz component Ĥmatter,t,
Ĥt(uˆ, pˆ) = Ĥmater,t(uˆ, pˆ) + ĤLipschitz,t(uˆ, pˆ).(7.1)
The mater Hamiltonian is defined in this expression by the piece of the Hamilton-
ian operator which is not 1-Lipschitz. This is consistent with the idea that mater
(including gauge interactions) is quantum mater, in the sense that it is appropri-
ately described by quantum models and their interactions by quantum interactions
according to Definition (6.5).
In general the decomposition (7.1) is not unique and it is also not evident that
it exists. However, one can obtain a characterization that allows for such type
of decompositions, if additional assumptions on the regularity of the Hamiltonian
(7.1) are adopted. In particular we have
Lemma 7.1. Let Ht : T
∗TM → R be a C2-smooth Randers Hamiltonian function
(3.55). Then there exists a compact domain K ′ ⊂ T ∗TM such that the restriction
H |K′ is 1
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Proof. By Taylor’s expansion at the point (ξ, χ) ∈ T ∗TM up to second order one
obtains the expressions
Ht(u, p) = Ht0 +
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk − ξk) +
8N∑
k=1
∂Ht
∂pk
|(ξ,χ)(pk − χk)
+
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2
= Ht0 +
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk − ξk) +
8N∑
k=1
βk(χ) (pk − χk)
+
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2,
where the term
8N∑
k=1
Rk (u
k − ξk)2 +
8N∑
k=1
Qk (pk − χk)2
is the remaind term of the second order Taylor’s expansion. The difference for the
values of the Hamiltonian Ht at two different points is given by the expressions
|Ht(u(1), p(1))− Ht(u(2), p(2))| =
∣∣∣ 8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(1)− ξk)
+
8N∑
k=1
βk(χ) (pk(1)− χk) +
8N∑
k=1
Rk(1) (u
k(1)− ξk)2 +
8N∑
k=1
Qk(1) (pk(1)− ξk)2
−
8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(2)− ξk)−
8N∑
k=1
βk(χ) (pk(2)− χk)
−
8N∑
k=1
Rk(2) (u
k(2)− ξk)2 −
8N∑
k=1
Qk(2) (pk(2)− χk)2
∣∣∣
≤
∣∣ 8N∑
k=1
∂Ht
∂uk
|(ξ,χ)(uk(1)− uk(2))
∣∣+ ∣∣ 8N∑
k=1
βk(χ)(pk(1)− pk(2))
∣∣
+
∣∣ 8N∑
k=1
Rk(1) (u
k(1)− ξk)2 − Rk(2) (uk(2)− ξk)2
∣∣
+
∣∣ 8N∑
k=1
Qk(1) (pk(1)− χk)2 − Qk(2) (pk(2)− χk)2
∣∣.
Due to the continuity of the second derivatives of Ht, for each compact set K ⊂
T ∗TM containing the points 1 and 2, there are two constants CR(K) > 0 and
CQ(K) > 0 such that |Rk(1)|, |Rk(2)| < CR(K) and |Qk(1)|, |Qk(2)| < CQ(K), for
each k = 1, ..., 8N . Moreover, as a consequence of Taylor’s theorem it holds that
lim
1→2
CQ(K) = 0, lim
1→2
CR(K) = 0,
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SinceK is compact the last two lines in the difference |H(u(1), p(1))−H(u(2), p(2))|
can be rewritten as∣∣ 8N∑
k=1
Rk(1) (u
k(1)− ξtk)2 − Rk(2) (uk(2)− ξtk)2
∣∣ ≤ CR(K)∣∣ 8N∑
k=1
(uk(1)− uk(2))2∣∣
∣∣ 8N∑
k=1
Qk(1) (pk(1)− χk)2 − Qk(2) (pk(2)− χk)2
∣∣ ≤ CQ(K)∣∣ 8N∑
k=1
(pk(1)− pk(2))2
∣∣.
The constants CQ(K) and CR(K) can be taken finite on K. Furthermore, by
further restricting the domain where the points 1 and 2 are to be included in a
smaller compact set K˜, one can write the following relations,
CR(K˜)|(uk(1)− uk(2))| ≤ 1/2, CQ(K˜)|(pk(1)− pk(2))| ≤ 1/2.(7.2)
Let us consider the further restriction on the compact set K ′ ⊂ K˜ ⊂ T ∗TM such
that for each (ξ, χ) ∈ K ′ ∣∣∂Ht
∂uk
|(ξ,χ)
∣∣ ≤ CU , k = 1, ...., 4N(7.3)
holds good for some constant CU . Also, on K
′ it must hold that
CR(K)
∣∣ 8N∑
k=1
(uk(1)− uk(2))2
∣∣+ CQ(K)∣∣ 8N∑
k=1
(pk(1)− pk(2))2
∣∣
≤ 1/2
8N∑
k=1
∣∣(uk(1)− uk(2))∣∣+ 1/2 8N∑
k=1
∣∣(pk(1)− pk(2))∣∣.
Moreover, the factors |βi| are bounded as a consequence of Randers condition (3.18).
Then we have that
|H(u(1), p(1))− H(u(2), p(2))|∣∣
K′
≤ C˜U
( 8N∑
k=1
∣∣(uk(1)− uk(2))∣∣
+
8N∑
k=1
∣∣ (pk(1)− pk(2))∣∣)+ 1/2 8N∑
k=1
∣∣(uk(1)− uk(2))∣∣+ 1/2 8N∑
k=1
∣∣(pk(1)− pk(2))∣∣
with C˜U = max{CU , 1}. This proves that H |K′ is a Lipschitz function, with
Lipschitz constant M = max{ 12 , C˜U}, which is necessarily finite. Now we can
redefine the Hamiltonian dividing by M , which is a constant larger than 1. This
operation is equivalent to redefine the vector field β ∈ ΓTTM . Such operation
does not change the equations of motion and the Randers condition (3.18). Then
we obtain a 1-Lipschitz Hamiltonian on K ′, restriction of the original Hamiltonian
Ht. 
The proof of Lemma 7.1 can be simplified further, making Qk = 0 from the
beginning, but in this form is a kind of symmetric proof.
Remark 7.2. Note that since it is assumed that the Hamiltonian Ht is C2-smooth,
the Randers condition (3.18) is not strictly necessary for the proof of Lemma 7.1.
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However, the Randers condition is fundamental to have causal structures associated
to the underlying non-reversible Randers metric structure compatible with a macro-
scopic Lorentzian or causal structure and as we will see, it is still useful in finding
bounds for some time derivatives.
The compact domain K ′ is not empty. In the metaestable domain D0, the
Hamiltonian Ht is equivalent to zero. Therefore, it is reasonable to think that in
such domain Ht is Lipschitz, thus providing an example where K
′ can be contained
(D0 is not necessarily compact).
Extensions from K ′ to the whole phase space T ∗TM can be constructed as
follows. Consider the Sasaki metric on T ∗TM of the Hamilton-Randers structure
(3.3). For every observer W one can associate by canonical methods a Finsler
metric on T ∗TM and then an asymmetric distance function
̺S : T
∗TM × T ∗TM → R.
Let us consider the projection on K ′
πK′ : T
∗TM → K ′, (u, p) 7→ (u¯, p¯),(7.4)
where (u¯, p¯) is defined by the condition that the distance from (u, p) to K ′ is
achieved at (u¯, p¯) in the boundary ∂K ′. Then one defines the radial decomposition
of Ht by the expression
Ht(u, p) = R
(
̺S((u, p), (u¯, p¯))
)
Ht(u¯, p¯) + δHt(u, p).(7.5)
The positive function R
(
̺S((u, p), (u¯, p¯))
)
is such that the first piece of the Hamil-
tonian is 1-Lipschitz. The second contribution is not 1-Lipschitz. By assumption,
δHt(u, p) is identified with the mater Hamiltonian Hmater ,
Hmater,t(u, p) := δHt(u, p).(7.6)
With these redefinitions we obtain the following
Theorem 7.3. Every Hamiltonian (4.20) admits a normalization such that the
decomposition (7.1) holds globally on T ∗TM .
Proof. One can perform the normalization
Ht(u, p)→ 1
R
(
̺S((u, p), (u¯, p¯))
) Ht(u, p)
= Ht(u¯(u), p¯(u)) +
1
R
(
̺S((u, p), (u¯(u), p¯(u)))
)δHt(u, p).
The first term is 1-Lipschitz in T ∗TM , since Ht(u¯(u), p¯(u)) is 1-Lipschitz on K
′,
while the second term is not 1-Lipschitz continuous. 
The uniqueness of this construction depends upon the uniqueness of the compact
setK ′, the uniqueness of the relation (u, p) 7→ (u¯, p¯). One can consider the maximal
set K ′, but in general the construction is not unique.
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We can read the Hamiltonian constraint (5.24) in the following way. From the
properties of the Ut flow it follows that
lim
t→(2n+1)T
(
Ĥmater,t + ĤLipschitz,t
)|ψ〉 = 0
for each |ψ〉 ∈ HFun. However, each of the individual terms in this relation can be
different from zero in the metastable domain D0,
lim
t→(2n+1)T
Ĥmater,t|ψ〉 6= 0
and
lim
t→(2n+1)T
ĤLipschitz,t|ψ〉 6= 0.
This implies that in order to have the metastable equilibrium point at the instant
t = (2n + 1)T , in addition with the mater Hamiltonian (7.6), an additional piece
of dynamical variables whose described by the Hamiltonian ĤLipschitz,t is needed.
On the other hand, if we assume that the mater Hamiltonian (7.6) must be positive
definite when acting on physical states, then the 1-Lipschitz Hamiltonian should
have negative eigenvalues only. Hence for Hamilton-Randers models the positive-
ness of the mater Hamiltonian is extended to all t ∈ [0, (2n+1)T ]. This implies the
consistency of the positiveness of the energy level for the quantum Hamiltonian for
mater (7.6) in the whole process of the Ut-evolution.
ĤLipschitz,t is related with the classical gravitational interaction.
We can reverse this argument. If ĤLipschitz,t is negative definite, then Ĥmater,t
must be positive definite. This property is related with the analogous property of
gravitational interaction, as we discuss below.
7.2. Emergence of the weak equivalence principle in Hamilton-Randers
theory. We organize this subsection in two parts.
A. Preliminary considerations. Let us consider a physical system S that can
be thought as composed by two sub-systems A and B. We denote by Xµ(Si), i ≡
S, A,B the macroscopic observable coordinates associated to the system Si, that
is, the value of the coordinates that could be associated when local coordinates are
assigned by a classical observer to each system S, A,B by means of a measurements
or by means of theoretical models. Then we adopt the following
Assumption I. The functions
Xµ(Si) : T ∗TM × R→M4,
(uk1 , ..., ukN , pk1 , ..., pkN , t) 7→ Xµ(uk1 , ..., ukN , pk1 , ..., pkN , t)
are smooth.
This is a minimal required to link the microscopic degrees of freedom with macro-
scopic degrees of freedom. Note that in general the functions are not continuous re-
spect to the external time parameter τ , since consecutive two values of τ -parameter
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are related with consecutive fundamental cycles and the result of the Ut evolution
can be rather different for each cycle. Therefore, Assumption I applies to both, clas-
sical and quantum dynamics or where world lines could admit jumps. In particular,
it applies to the possible series of outcomes in the measurement of the position of
the systems.
Under the additional Randers type condition of universal bounded acceleration
and speed for the sub-quantum molecules, in the metastable domain D0 containing
the metastable points {t → (2n + 1)T, n ∈ Z}, the functions Xµ((2n + 1)T, τ) =
Xµ(τ) are 1-Lipschitz in t-time parameter. In order to show this, let us first remark
that the relations
lim
t→(2n+1)T
∂Xµ(u, p, t)
∂t
= 0, µ = 1, 2, 3, 4(7.7)
hold good, since in the metastable metaestable domain D0 physical observables
depending upon (u, p) coordinates do not have t-time dependence (they are almost
fixed points of the Ut flow). This expression can be re-written as
lim
t→(2n+1)T
∂Xµ(u, p, t)
∂t
= lim
t→(2n+1)T
(
8N∑
k=1
∂Xµ
∂uρk
duρk
dt
+
8N∑
k=1
∂Xµ
∂pρk
dpρk
dt
)
= 0.
It follows as a consequence of this relation and since the number of degrees of
freedom 8N is finite, that the collection of partial derivatives{
∂Xµ
∂uρk
,
∂Xµ
∂pρk
, µ = 1, 2, 3, 4; k = 1, ..., N
}
can be uniformly bounded inside of a closed and small enough domain of the region
D0.
Let us also consider the differential expressions
dXµ(u, p, t)
dt
=
8N∑
k=1
∂Xµ
∂uρk
duρk
dt
+
8N∑
k=1
∂Xµ
∂pρk
dpρk
dt
.
The derivatives { du
ρ
k
dt , µ = 1, 2, 3, 4; k = 1, ..., N} are uniformly bounded as a con-
sequence of the Randers condition (3.18). Since the system of equations for the
configuration coordinates {ui}8Nk=1 (3.54) is autonomous for u, the derivatives{
dpρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
are fully determined by{
uµk(t),
duρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
.
Therefore, each pρk and its time derivative
dpρk
dt are uniformly bounded. Then it
follows that
Proposition 7.4. If the functions
{
uµk(t),
duρ
k
dt , µ = 1, 2, 3, 4; k = 1, ..., N
}
are C1-
functions, then the coordinate functions {Xµ(τ)}3µ=0 are C1-functions with uni-
formly bounded derivatives in a restricted domain of D0 ⊂ T ∗TM .
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Since the system of equations for the configuration coordinates {ui}8Nk=1 (3.54) is
autonomous for u, the functions
{
uµk(t),
duρ
k
dt
}4,N
µ,k=1,1
are also 1-Lipschitz continuous.
Then the {Xµ(τ)}3µ=0 are 1-Lipschitz functions. Let us remark the dependence on
τ -time parameter of the macroscopic coordinates Xµ.
From the above reasoning it is natural to consider the following
Assumption II. In the metastable domain D0 the functions{
uµk(t),
duρk
dt
, µ = 1, 2, 3, 4; k = 1, ..., N
}
are C1-regular functions.
Let us consider two subsystems A and B of the full system under consideration
S. The sub-systems A, B are embedded in S such that
S = A ⊔B,(7.8)
for an hypothetically well defined union operation ⊔ for systems composed by sub-
quantum molecules. Let us consider local coordinate systems such that the identi-
fication
A ≡ (u1(τ), ..., uNA(τ), 0, ..., 0) and B ≡ (0, ..., 0, v1(τ), ..., vNB (τ)),(7.9)
with N = NA + NB, NA, NB ≫ 1 holds good. The whole system S can be repre-
sented in local coordinates as
S ≡ (u1(t), ..., uNA(t), v1(t), ..., vNB (t)).
By the action of the diffeomorphisms ϕk : M
k
4 → M4, one can consider the world
lines of the sub-quantum molecules on M4 at each constant value of t modulo 2T .
In the particular case of metaestable equilibrium points {t = (2n + 1)T, n ∈ Z}
we have a set of (discrete) world lines in M4, showing that the functions {Xµ}4µ=1
characterize the average presence of sub-quantum world lines at a given point of
M4. Therefore, it is reasonable to define the observable coordinates of the system
by the expression
X˜µi (τ(n)) =
1
N
lim
t→(2n+1)T
Ni∑
ki=1
ϕµki (xki(t)), i = A,B,S, µ = 0, 1, 2, 3,(7.10)
where here ϕµki are local coordinates on M4, defined after the action of the dif-
feomorphism ϕki . Note that the normalization factor 1/N is the same for all the
systems i = A,B,S. This means that we are considering systems that eventually
are sub-systems (proper or improper) of a larger sub-system S. This formal con-
straint is however harmless for general purposes by the embedding (7.9). Actually,
we can suppress the factor N , as long as we keep track in all the expressions below
of the equivalent normalization criteria.
The expression (7.10) is not general covariant. The notion of additivity of coor-
dinates is foreign to general covariance, if additional constraints on the coordinates
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are assumed. This is not a fatal problem. A way to deal with covariant formulation
is through the notion of center of mass associated to a metric space (see for instance
[10], pg 233-235). In the case of Hamilton-Randers theory we have at our disposal
of a Lorentzian metric. Let us further constraint to domains where the spacetime
is a product of the form I ×M3, with a warped metric
η4 = −f(τ, ~x)dτ2 + η3ij(~x, τ) dxi dxj ,(7.11)
where τ is the time parameter coordinate and ~x local coordinates on each leave
{τ} ×M3. The distances are measure along each slit τ = constant.
We identify τ(n) with the τ -time parameter and consider it continuous, in rela-
tion with macroscopic or quantum time scales. Then by the embedding (7.9),
Xµ(τ) =
1
N
lim
t→(2n+1)T
N∑
k=1
ϕµki(xki(t)), i = A,B,S.(7.12)
This function is 1-Lipschitz, by applying the arguments given above, specifically
Proposition 7.4 and Assumption II.
The mean function coordinate Mµ(τ) is assumed to be equal to the mean of the
probability distribution µP introduced in Section 3,
Mµ(S(τ)) = 1
N
lim
t→(2n+1)T
N∑
k=1
µP (k)(t)ϕ
µ
ki
(xki(t))(7.13)
The mean Mµ does not depend on the system i = A,B,S and only depends upon
the distribution of probability or measure µP . This probability distribution of sub-
quantum degrees of freedom depends only upon the macroscopic preparation of the
system and not of the system itself: by definition, the probability distribution of
the N sub-quantum molecules does not depend upon the particular configurations
that they can have. Therefore, we make a third assumption,
Assumption III. The mean coordinate functions Mµ only depends on the
preparatory macroscopic conditions.
It is under assumption III together with the fact that the configuration space-
time is large dimensional, that one can apply effectively concentration of measure
and with the required regularity conditions of the Ut-interaction, it will imply the
validity of a classical weak equivalence principle. The mean coordinate world line
τ 7→Mµ(τ) serves as a guide to the motion of macroscopic variables.
Remark 7.5. It is important to remark that in general, τ 7→Mµ(τ) is not neces-
sarily continuous from the point of view of the spacetime description.
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B. Emergence of the weak equivalence principle.
Definition 7.6. Given a Hamilton-Randers system, we say that is in free quantum
evolution if the condition on the probability distribution
d
dτ
µP (k)(t, τ) = 0, k = 1, ..., N(7.14)
holds good.
Thus a quantum interaction in Hamilton-Randers theory is associated with the
exchange of sub-quantum degrees of freedom with the environment or with other
classical or quantum fields. Although there is still a long way, this notion suggests
the possibility to describe interactions by using quantum field theory. This conjec-
ture is also supported by the fact that the theory is relativistic by construction.
By the concentration property (6.4) of the Ut dynamics in the Lipschitz dy-
namical regime D0, the τ -evolution of the coordinates X˜
µ(S(τ)), X˜µ(A(τ)) and
X˜µ(B(τ)) that have the same initial conditions differ between each other after the
dynamics at τ -time such that
µP
(
1
σX˜µ
|X˜µ(Si(τ)) −Mµ(S(τ))| > ρ
)
t→(2n+1)T
∼ C1 exp
(
−C2 ρ
2
2 ρ2p
)
,(7.15)
µ = 1, 2, 3, 4, i = A,B,S holds. The constants C1, C2 are of order 1, where C2
depends on the dimension of the spacetimeM4. ρp is independent of the system i =
A,B,S (see Section 6). Note that there is no dependence on the t-time parameter,
since we are considering these expressions in the limit t→ (2n+ 1)T .
Classical and quantum week equivalence principle. There can be an ex-
change of sub-quantum molecules between the system and the environment. This
can affect the motion of the center of mass Mµ(S(τ)) in a rather intricate way,
because the derivatives { ddτ µP (k)(t, τ)}Nk=1 depend upon the details of the system
Si(τ). In the metastable metaestable domain D0 and if there is absence of in-
teraction with the ambient, then there is no exchange of degrees of freedom with
the ambient. Hence the condition (7.14) holds. In this case, the center of mass
coordinates Mµ(Si(τ)) are solutions of an ordinary differential equation,
d
dτ
Mµ(τ) = hµ(τ), µ = 1, 2, 3, 4,(7.16)
where the functions hµ : T ∗TM → R are fixed by the dynamics of the N sub-
quantum molecules (as consequence of equation (7.13)) and by the properties of
the measure µ(k),
hµ : T ∗TM → R, (x, y, px, py) 7→ lim
t→(2n+1)T
N∑
k=1
2µp(k)β
µ
x (x, p).(7.17)
The local solutions of the equation (7.16) only depend upon the initial conditions
forMµ(τ = 0). This possibility is linked with a classical weak equivalence principle.
However, there is no real reason of why the measure µP needs to preserved with
τ . As a result, there could not be a classical differential equation for Mµ, according
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to the Remark 7.5. In this case, still concentration of measure will work according
to (7.15), but there will be associated with a discontinuous sequence for the Mµ
evolution. This can be called, quantum weak equivalence principle.
The principle underlying this distinction between classical and quantum weak
equivalence principle is the following:
Criteria of classical/quantum spacetime evolution. A Hamilton-Randers
system has a classical Uτ evolution in spacetime if M
µ has a continuous evolution;
it has a genuine quantum Uτ evolution in spacetime if M
µ is not continuous.
The evolution ofMµ in the quantum case could be rather complex. It is however
determined entirely by the Ut evolution.
Proof from ”first principles” that the weak equivalence principle holds.
Definition 7.7. A test particle system is describe by a Hamilton-Randers system
such that the τ-evolution of the center of mass coordinates X˜µ are determined by
the initial conditions
(
X˜µ(τ = 0), dX˜
µ(τ=0)
dτ
)
and the external field.
Proposition 7.8. Let Si, i = 1, 2, 3 be Hamilton-Randers systems with N ≫ 1
associated to free test particles. Then the observable macroscopic coordinates X˜µ(τ)
do not depend on the system Si at each τ .
Proof. The coordinate functions X˜µ(τ) are 1-Lipschitz in the metastable metaestable
domain t → (2n + 1)T . Then we can apply the concentration of measure (7.15).
Moreover, we assume that the condition (6.6) holds for HR-systems. Hence the
observable coordinates {X˜µ}4µ=1 moves following the common Mµ(τ) coordinates
with an error bounded by exp(−C2N2). Since the system is in free evolution, the
condition (7.14) holds, the median coordinates Mµ(τ) follow an ordinary differen-
tial equation, integrable at every τ ∈ [0,+∞]. 
Therefore, in the subset of metaestable domain for t = (2n + 1)T there is a
strong concentration for the value the functions {X˜µ(τ)}4µ=1 around the mean
{Mµ(τ)}4µ=1. Note that this universality is up to fixing the initial conditions of
the mean Mµ, which is equivalent to fix the initial conditions for {uµk}Nk=1. This
fact does not rest relevance to the main idea that we are discussing, that for the
dynamics Ut in the metastable metaestable domain t → (2n + 1)T , for the same
initial conditions, the center of mass coordinates {X˜µ(τ)}4µ=1 evolve in the same
way (in the sense that the bound in the dispersion is given by the concentration
relation (7.15)), independently of the nature and composition of the system. This
result can be interpreted as the (classical or quantum) weak equivalence principle.
Despite being applied to classical trajectories only, the explanation of the equiv-
alence principle offered along these lines implies that theoretically the weak equiv-
alence principle should be an almost exact law of Nature, only broken at scales
100 EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY
1/N2 comparable with the fundamental scale. This is because the weak equiva-
lence principle just derived is valid up to an error of order exp(−C2N2). It breaks
down abruptly when the system described is a quantum system composed by N
sub-quantum degrees of freedom or a system composed by few sub-quantum degrees
of freedom.
The value of the constant C2 cannot be fixed by the theory, but does not compen-
sates the abrupt concentration caused by the difference between the sub-quantum
scale and the corresponding quantum scale.
7.3. On the fundamental scale and its relation with the validity of the
weak equivalence principle. As we discussed before, in Hamilton-Randers sys-
tems N is large enough to apply concentration of measure in such a way that
smooth, 1-Lipschitz functions f : T ∗TM → R are almost constant almost every-
where. According to the relation (6.6), the effectiveness of this concentration de-
pends on the ration of the fundamental energy and the ratio of the largest quantum
scale. This implies a large landscape, but there are two different scenarios:
• The first is that the largest quantum scale mQ is much larger than the any
Standard Model scale mH . In this case, the weak equivalence principle due
to concentration of measure will be exact up to the energy much larger than
the Higgs’s mass mH . At energies comparable to mQ the equivalence prin-
ciple fails, with an increasing Gaussian deviation from Mf , until reaching
the fundamental scale mP , where the deviation from universal free motion
is maximal.
• The second possible scenario is that mQ ∼ mH . In this case, we should
expect exponential deviations from WEP at energies reachable with current
particle physics acceleration, increasing until the fundamental scale.
In current theories of quantum gravity the fundamental scale is fixed to be of
order of Planck mass. The justification for this choice is, for example, that at
such scale the Schwarzschild radius and the Compton length of a non-rotating mini
black-hole coincide. The argument follows in the way that at such level, virtual
black-holes could be produced and that it is required a quantum theory of gravity
to understand the dynamics of such virtual particles. There are further arguments
to fix the Planck scale as the fundamental scale, coming from string and loop
quantum models, for example.
However, we observe that the qualitative behavior described above is indepen-
dent of where we put the fundamental scale. is the same in the above three cases
and that the difference is only on where to fix the fundamental scale. Henceforth,
the Planck scale does not play such distinguished role. This leaves the open problem
of how to fix the fundamental scale in Hamilton-Randers theory.
Independently of this open problem, Hamilton-Randers theory makes the predic-
tion that the weak equivalence principle holds exactly up to some given energy mQ
and that after this, there is a transition where there is no 1-Lipschitz regime and
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weak equivalence principle is violated. Meanwhile there is a 1-Lipschitz dynamical
regime, where the deviation of Xµ from the mean Mµ is small, a fact that we have
check it happens, then the principle of weak equivalence holds and Xµ will evolve
accordingly to it. An this applies to both, the case of classical weak equivalence
principle and quantum weak equivalence principle.
Remark 7.9. Let us note that the classical weak equivalence principle it is natu-
rally applied to classical systems; the quantum weak equivalence principle is applied
to quantum systems. In relation with this, it is the discussion of neutron interfer-
ometry phenomenology [21, 23].
7.4. On the emergent origin of the gravitational interaction in Hamilton-
Randers theory. Bringing together the previous characteristics for the 1-Lipschitz
domain of the Ut flow, we find the following general features:
• Since the constraint (3.48) holds good, the dynamical Ut flow in the domain
D0 is compatible with the Hamiltonian constraint of general relativity.
• A weak equivalence principle for the observable coordinatesXµ(S(τ)) holds
good in the metastable domain D0.
• The dynamical Ut flow in the domain D0 determines a classical interaction,
since it is relevant only in the metastable domain D0.
• There is a local maximal speed for the sub-quantummolecules of a Hamilton-
Randers dynamical systems and invariance under a local relativity group
invariance holds. This local relativity group is by construction the Lorentz
group.
Furthermore, we have found the following two additional restrictions,
• The Ut interaction in the 1-Lipschitz domain must be compatible with the
existence of a maximal and universal proper acceleration.
In view of the formal similarity of these properties with the analogous properties
of the current mathematical description of the gravitational interaction, one is
naturally lead to the following conclusion,
In the metastable domain the 1-Lipschitz dynamics associated with
HLipshitz,t=(2n+1)T is the gravitational interaction.
That gravity could be intrinsically involved in the collapse of the wave func-
tions is an idea that appears in several modern approaches to the description of
measurement problem [26, 42, 63]. However, as we discuss explicitly before, there
are fundamental differences between the models described here and spontaneous
collapse models or collapse models induced by large mass measurement devices.
Thus according to Hamilton-Randers theory, gravity appears as classical, instead
of semi-classical or quantum. Furthermore, there must exists essential differences
with Einstein’s general relativity, since our theory includes a maximal proper uni-
versal acceleration (for all the interactions, gravitational and gauge interactions).
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It is very interesting that a generalization of Einstein gravity with a maximal ac-
celeration and where the weak equivalence principle holds could lead to a classical
resolution of curvature singularities [19].
Regarding the incorporation of gravity in the standard description of quantum
systems we shall discuss in Section 9 gravitational induced quantum interference
and see how this procedure is compatible with our version of emergent gravity.
7.5. Existence of a domain where gravity is 1-Lipschitz continuous. That
there is a domain where the gravitational interaction is 1-Lipschitz can be easily
argued within the framework of newtonian gravity. Let us consider the newtonian
gravitational force between a massive point particle with massm by a massive point
particle with mass M located at the origin of coordinates,
F (~x) = −G mM
r2
, ~x ∈ R3(7.18)
and r = |~x| the distance to the origin in R3 of the point ~x. The newtonian gravi-
tational potential V (~x) lives on the collection of Euclidean spheres
Sˆ2 := {S2(r), r ∈ (0,+∞)},
where the expression |r1 − r2| defines a norm function between different spheres.
Moreover, to compare different lengths or different mechanical forces, it is useful
to consider dimensionless expressions, for which we need reference scales. In doing
this comparison we adopt as length scale the Planck length and for the force scale
the Planck force and use homogenous quantities for length and force. The Planck
force provides a natural unit, respect to which we can compare any other scale. Let
us consider the expression
|F (~x2)− F (~x1)|
FP
= α
|r2 − r1|
lP
,
where FP is the Planck force and lP is the Planck length. After some algebraic
manipulations, one finds an expression for the coefficient α. In the case of Newton
law of universal gravitation (7.18), α is given by the expression
α = lP
1
c4
G2mM
1
r22 r
2
1
|r2 + r1|.
In order to simplify the argument, let us consider m = M . Furthermore, although
the case r2 = r1 is singular, in order to work in a fixed scale, we consider a relation
r1 = λ r2 with λ ∼ 1 constant. Then one obtains a compact expression for α,
α =
1 + λ
λ3
D
Dp
E
EP
,(7.19)
where D = m/r3 is a characteristic density of the system, E = mc2, DP is the
Planck density and Ep is the Planck energy. It follows from the expression (7.19)
that for scales of the standard model, atomic physics systems or macroscopic sys-
tems, α≪ 1. Moreover, α is bounded by 1. The bound is saturated at the Planck
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scale. This shows that at such scales, gravity is 1-Lipschitz8. This is because the
relative weakness of the gravitational interaction compared with the interactions of
the Standard Model of particles.
Although based on a Newtonian limit and under several approximations and
assumptions, the conclusion that we can extract of the above argument is the
existence of a regime where gravity is a classical, 1-Lipschitz interaction. This is in
accordance with our interpretation of gravity as an emergent phenomenon.
As mathematical models, newtonian gravity or Einstein gravity can be extrapo-
lated to domains where the evolution is not 1-Lipschitz, specially in domains close
to the singularities of fields. However, such extrapolations, by the arguments given
in this section, should be considered un-physical: the domain of validity of physical
gravitational models does not reach the domain of the singularities.
However, the existence itself of singularities for long distance fields implies in
principle that such singularities have an effect far from their own spacetime location.
Therefore, one could recognize the incompleteness of the model, even for scales
where it is applicable. A possible way out of this dichotomy is to consider classical
theories of gravity with a maximal acceleration [19]. Consistently with the weak
equivalence principle, such classical theories could be free of curvature singularities.
The case of electrodynamics. If we repeat this argument for the static electro-
magnetic field, formally an analogous result is obtained. However, if we take into
account the relative intensity of the classical Coulomb field with the Newtonian
field, for instance for the electron, the corresponding α is a factor of order 1042
larger that for gravity. This suggests that at such scales the electromagnetic field
cannot be 1-Lipschitz.
Another way to see this issue is by recognizing the fundamental fact that the
electromagnetic field is quantized, which is a very different regime than a 1-Lipschitz
regular dynamic. Instead, we find that it is the full quantum electrodynamics
which is required to have consistent predictions with experience at the atomic and
sub-atomic scales. Hence we should not extend the argument directly from the
Newtonian gravitational field to the Coulomb field.
We showed that one of the assumptions in our derivation of the classical weak
equivalence principle was the absence of exchange of sub-quantum molecules with
the ambient or the source of the field. This assumption seems not to hold in the
case of the electrodynamics and in general, gauge interactions, which is based on
the exchange of virtual gauge bosons.
Absence of gravitons. An immediate consequence of the above reasoning is that
the gravitational field is not composed of gravitons, small quantum of spacetime,
whatever it does it means. In particular, a gravitational wave is not composed
of gravitons in the way as a classical electromagnetic wave could be thought to
8A similar argument applies if instead of considering the case of the Planck scale as the fun-
damental scale, we consider another high energy scale.
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be composed of photons. Instead, in the framework of Hamilton-Randers theory
and its extension to gravity as developed in this section, gravitational waves are a
classical and emergent effect, not reducible to quantum. This negative result can
be turned a falsifiable prediction of our theory.
Prediction: absence of B-modes in the CMB spectrum due to quantum
gravity effects. In particular, according to our argument about the origin and
classicality of gravity and if the thesis of Krauss-Wilczek is correct[60], namely,
that the detection of B-modes in the CMB implies the quantum origin of gravity,
then we need to conclude the non-existence of primordial B-modes in the CMB.
We need to emphasized that this conclusion is reached from the equivalence of
the detection of B-modes with quantum gravity, in the way according to standard
arguments. Thus falsification of our thesis (classical nature of the gravitational
interaction) needs of several different tests to make sure the quantum origin of
B-modes, if detected.
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8. Quantum dynamics
8.1. Heisenberg dynamical equations. Let us fix the value of the t-time pa-
rameter modulo an integer multiple of 2T and let consider the corresponding slow
time to be τ(t) ∈ R for each value of t, t + 2T, ... defined by the relation (3.52)
for each fundamental cycle of the Ut flow. While in the concentrating regime the
1-Lipschitz component is dominant, it is expected that the ergodic regime of the
Ut flow be dominated by the mater Hamiltonian. This is the evolution induced by
the generator Ĥmater.
Let Uˆτ be the quantum evolution operator along the τ -time. Then any operator
acting on the Hilbert space of mater, a space which is determined by the linear
closure of the eigenvectors of the non-Lipschitz piece of the Hamiltonian, changes
from one cycle to another cycle. If the change is generated by the quantized mater
Hamiltonian Ĥmater , then the infinitesimal change in Â is determined imposing
unitarity by Stone’s theorem [71],
Â(τ) := (I − ı δτ Ĥmater)† Â(τ0)(I − ı δτ Ĥmater), δτ = τ − τ0.(8.1)
It follows that at first order in δτ the following expression,
Â(τ) − Â(τ)
τ − τ0 = −ı
[
Ĥmater , Â
]
,
which leads in the continuous limit to the Heisenberg equation of motion,
ı ~
d
dτ
Â = −
[
Ĥmater, Â
]
.(8.2)
Thus except for the still problematic issue of relating the sub-quantum observables
with the quantum observables, Heisenberg’s equations applies un-ambiguously to
quantum observables, except in the domain D0.
On the equivalence between Heisenberg and Schro¨dinger pictures. Since
we have assumed the Born-Jordan quantization of Ĥt, such quantization prescrip-
tion is applied to the mater Hamiltonian Ĥmater . Then by a well known result
[16, 17, 43], the equivalence between the Heisenberg picture and the Schro¨dinger
picture can be established formally.
8.2. Constants of motion.
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9. Some conceptual issues of quantum mechanics considered from the
point of view of Hamilton-Randers theory
Since the advent of the quantum theory, there have been issues on the founda-
tions of the theory and its interpretation which are a continuous source of theoretical
problems. Four of these conceptual problems and the way that hey are addressed
in Hamilton-Randers theory are the following:
(1) The meaning of probability in quantum mechanical systems. We
have considered this problem in Section 5 and Section 6, pointing out that
in Hamilton-Randers theory the origin of the probability description in
the quantum theory is based on the ergodic behaviour of the sub-quantum
degrees of freedom during the Ut evolution. It was shown that the emergent
character of the Born rule for |ψ|2(x). In particular, it was argued from
first principles that |ψ|2(x) represents the probability to find the system in
an infinitesimal neighborhood of x, if a position measurement is performed
and that such interpretation applies to individual quantum systems.
(2) The role of measurement. In Section 6 we have sketched a theory of
the measurement on quantum systems, showing how it is related with the
notion of natural instantaneous collapse of the quantum state. In Hamilton-
Randers theory observables are well defined during measurement in the
sense that every measurement is performed in the metastable domain D0,
which is the domain where classical properties can be associated to the
quantum system.
(3) The collapse of the quantum state. In Hamilton-Randers theory
there is no collapse of the wave function. Instead of this type of process,
Hamilton-Randers theory introduces the notion of natural instantaneous
collapse of the quantum state. The intrinsic difference with the instanta-
neous collapse or other notions of the collapse currently used in the liter-
ature is that the new mechanism does not require the interaction of the
quantum system with an external agent or device to happen (acting as
measurement device). Natural instantaneous collapse is grounded in the
assumptions defining the Ut flow, in particular, on the assumptions of the
concentrating regime on each fundamental cycle, where the concentration
of measure happens, according to the theory developed in section 6.
(4) Quantum entanglement. In quantum mechanics, quantum entangle-
ment is the property that for systems describing more than one particle, a
generic class of states are not tensor product of states corresponding to the
particles. This mathematical fact leads to surprising consequences about
the local properties of measurements, specifically, producing apparently
non-local correlation among separate measurement settings. In our view,
standard quantum mechanics describes effectively such non-local behavior,
but lacks of a potential explanation mechanism.
EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY 107
A sub-quantum explanation of entanglement and quantum non-locality is based on
the ergodic property of the Ut flow for sub-quantum dynamics. The main idea is
that sub-quantum degrees of freedom in spacelike separated points can be corre-
lated by means of interactions during the fundamental Ut dynamics and that such
description is absent in the quantum mechanical description.
In this Section we describe an heuristic mechanism to explain quantum non-local
correlations in the framework of Hamilton-Randers theory. Moreover, we describe
within our framework the mechanism explaining quantum interference phenomena
and provide a mechanism for contextuality, avoiding in this way the constraints
imposed by the Kochen-Specken theorem [57, 54].
However, previously to consider the case of non-linear quantum correlations, we
need to attempt to describe the phenomena of quantum interference. This is done
as follows, considering the classical mental experiment from Feynman and Hibbs
[35, 36].
9.1. The two slit quantum experiment and its interpretation in Hamilton-
Randers Theory. Let us consider the quantum two slit interference experiment
as prototype of experiment demonstrating quantum interference phenomena. In
a simplified version of the experiment, the experiment can be considered as hap-
pening in a two-dimensional spatial Euclidean space, with the x1-direction being
the direction of propagation of the quantum particles and the x2-axis the vertical
direction of orientation for the slits and the vertical detector screen. The particles
are in a translational state [27] and define the beam of particles. We assume that
the intensity of the beam can be regulated to allow only for one quantum particle
on flight each time that the experiment is performed. The states are pure quan-
tum states, describing individual quantum particles. The experiment is repeated
many times with different identical quantum particles, under the constraint that
the macroscopic initial momenta at the source is the same for all the particles. We
assume that other conditions on the experiment, as the value of the external grav-
itational field, interactions with the ambient, spin dynamical degrees of freedom
and other dynamical properties are either the same for each of the particles or that
the variance of these factors do not affect the outcomes of the experiment. Fur-
thermore, each of the particles used in the experiment are quantum mechanically
identical.
The quantum mechanical description of the experiment can be summarized as
follows. We say that the quantum system is associated to the slit A (resp. for the
slit B) if, closing the slit B, the particle is detected on the detection screen after
some time has pass since the particle was generated. Therefore, one can say that
the particle has passed through the slit A (resp. the slit B). The quantum state
associated to the slit A is described by means of a wave function ψA such that, if we
close the slit B, |ψA|2 reproduces the statistical patron observed in the detection
screen, after the experiment has been done many times with identical particles.
The slit B determines another state denoted by ψB in a similar way. Indeed, the
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evolution of the quantum system is characterized by which slits are open and by
the initial momentum. Assuming that the experimental setting is stationary, if the
two slits are open, then the quantum mechanical state at the instant τ0 just after
the system goes through the slits is described by a vector ψ ∈ H of the form
ψ(x1, x2, τ0) = C (ψA(x1, x2, τ0) + ψB(x1, x2, τ0)) ,(9.1)
with C a normalization real constant such that ‖ψ‖L2 = 1. The evolution after
passing the slits is linear and determined by a Schro¨dinger’s equation and prescribed
boundary or initial conditions,
ψ(x1, x2, τ) = C (Uτ (τ, τ0)ψA(x1, x2, τ0) + Uτ (τ, τ0)ψB(x1, x2, τ0)) ,(9.2)
Since the slits A and B are different, the states ψA and ψB describe different screen
patters after a long time exposition and when the experiment is repeated many
times with prepared individual identical particle states. However, there are some
constraints on the states imposed by the geometry of the experiment. Symmetry
considerations imply that ψA ≃ ψB in the central region of the screen. Outside
of the central axis one expects that either |ψA| 6= |ψB| or arg(ψA) 6= arg(ψB) or
that both conditions hold. In the case where there is a relative phase between ψA
and ψB, an interference pattern depending on the geometric arrangement of the
experiment must appear and as we move out from the axis z = 0, a relative phase
between ψA and ψB will initially increase, producing an increase in the phase, that
is translated in a complex exponential modulation of the amplitude of ψ(x1, x2, τ)
with x2. Moreover, one also expects to find that |ψA| 6= |ψB| holds along the
x2-axis, in a symmetric way around the central axis x2 = 0.
From the point of view of standard interpretations of quantum mechanics, there
is no further direct interpretation of the two slit experiment: if ψA and ψB are
constructed in the form above described and if the two slits are open, there is no
way without disturbing the system to know by which slit each individual particle
passed. Furthermore, the appearance of interference patterns, inexplicable from
the classical point of view, indicates that it is not correct to say that the particle
passed by the slit A or by the slit B9. Therefore, although the states ψA and ψB are
constructed using classical terminology and language, it is not possible to associate
to them a classical dynamical behaviour.
The physical description and interpretation of the two slit experiment from the
point of view of Hamilton-Randers theory follows. First, we consider a generic
predecessor state (5.1),
Ψ(u) =
N∑
k=1
eı ϑkΨ(ϕ
−1
k
(x),zk)
1√
N
nkΨ(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉.
9This is clearly not true in the framework the Bohm’s interpretation and de Broglie-Bohm’s
interpretation of quantum mechanics. However, we do not consider Bohm’s theory here. It is also
not applicable in the case of weak measurements, according to [2].
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Here and in the following expressions, x = (x1, x2, τ) and zk stand for the coor-
dinates at M4 and the components of the velocity variable associated with the k
sub-quantum molecule. In the case of the double slit, the predecessor state can be
written in this generic form before and after the particle passes the slits. Let us
consider first the case when both slits A and B are open. A sub-quantum molecule
is associated to A (resp. to B) if during the fundamental cycle marked by τ0 and
that characterized the pass by the slits in concordance with momentum conserva-
tion law, it expends more t-time during the Ut close to the slit A (resp. for B). In
this case, some of the sub-quantum molecules will be associated with A and some
will be associated with B and very few with both. Thus the generic form of a
predecessor state is
Ψ(u) =
NA∑
k=1
eı ϑk(ϕ
−1
k
(x),zk)
1√
N
nk(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉
+
NA+NB∑
l=1+NA
eı ϑl(ϕ
−1
l
(x),zl)
1√
N
nl(ϕ
−1
l (x), zl) |ϕ−1l (x), zl〉,
according to the classification of sub-quantum molecules on type A and type B. The
corresponding quantum state is
ψ(x) =
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk e
ı ϑk(ϕ
−1
k
(x),zk)
1√
N
nk(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉
(9.3)
+
NA+NB∑
l=1+NA
∫
ϕ−1
l∗
(TxM4)
d4zl e
ı ϑl(ϕ
−1
l
(x),zl)
1√
N
nl(ϕ
−1
l (x), zl) |ϕ−1l (x), zl〉.
Since the degrees of freedom referred by the indices k and l are different, the locality
condition (5.5) cannot be applied. As a consequence of this relation, the probability
to pass by A or by B is not the sum of the probabilities, but interferences appear.
Indeed, one has that
|ψ(x)|2 6=
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n
2
k(ϕ
−1
k (x), zk)
+
NB∑
l=1+NB
∫
ϕ−1
l∗
(TxM4)
d4zl n
2
l (ϕ
−1
l (x), zk).
This is the case for general interference systems, as it was already discussed in
Section 5. In particular, |ψ(x)|2AB is not a sum of squares, the difference attributed
to the appearance of interference terms between k and l terms. In the particular case
of the doubly slit experiment, the symmetries of the setting implies the existence
of nodes, or regions where |ψ(x)|2AB = 0, that are regularly distributed.
Hamilton-Randers description of the double slit experiment can be spell out in a
form directly related with the quantum mechanics description, once the Ut evolution
is taken into account by means of the averaging operation to pass from HFun to H.
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In order to clarify this point, let us note that in the symmetric situation described
above the relations
NA = N/2, NB = N/2
hold good. Thus we have a quantum state of the form
ψ(x) =
1√
2
1√
NA
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk e
ı ϑk(ϕ
−1
k
(x),zk) nk(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉
(9.4)
+
1√
2
1√
NB
NA+NB∑
l=1+NA
∫
ϕ−1
l∗
(TxM4)
d4zl e
ı ϑl(ϕ
−1
l
(x),zl) nl(ϕ
−1
l (x), zl)|ϕ−1l (x), zl〉.
that can be casted formally as
ψ(x) =
1√
2
(ψA(x) + ψB(x)),
ψA(x) =
1√
NA
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk e
ı ϑk(ϕ
−1
k
(x),zk) nk(ϕ
−1
k (x), zk) |ϕ−1k (x), zk〉
(9.5)
and similarly for ψB. Therefore, the quantum mechanical rule of addition of states
associated to two slits is obtained. The rule can be generalized to different situations
where interference happen.
The picture for the interference that we propose is quite natural. In the case
of the double slit, the quantum system passes through both slits during the Ut
evolution: some of the sub-quantum degrees of freedom expend more time close to
the slit located A and some of them more time at the slit located at B, according
to the interpretation of the square of the wave function discussed in Section 5.
The probability of finding the system at x2 in the detection screen is given by the
modulus square of the complex amplitude ψAB, with interference pattern between
the terms obtained from the state ψA and ψB. However, the detection events have
always a corpuscular character, according to the theory developed in Section 6.
Effect of measurement of the position at the slits. If the particle position
is measured just after it pass through the slits, the experimental setting changes.
The results for the observations for the new experimental setting is a classical dis-
tribution: the statistical distribution of events at the detection screen corresponds
to a pattern as if each of the particles passed by one slit only, a classical probability
distribution. We should understand this phenomenon, at least heuristically, from
the point of view of Hamilton-Randers theory.
In Hamilton-Randers theory the properties of a quantum system are well defined
when they are observed in a given quantum system. The interaction associated with
the measurement happens when the system is in the concentration domain of D0
and therefore, it can in-print in each of the sub-quantum degrees of freedom a
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change in the dynamical Ut evolution. Therefore, a measurement process alters as
a whole the quantum state of the particle. Indeed, the measurement process acts as
a projection operation. By the concentration mechanism discussed in Section 6, the
measurement process acts on all the sub-quantum degrees of freedom (since the pro-
cess happen when the system is in the concentration domain). Thus a measurement
of which slit the system pass is described mathematically by a projection,
pA : H → H, ψ 7→ ψA,
or
pB : H → H, ψ 7→ ψB ,
depending on which slit the quantum system has interacting with the measurement
device. Depending of the specifications of the measurement, the final result could
be a prepared pure state, ψ¯A or ψ¯B o a mixed state,
ρAB =
1
2
|ψ¯A〉〈ψ¯A|+ 1
2
|ψ¯B〉〈ψ¯B|
[75]. This interpretation is heuristic. To be more solid, we need a mechanism for
the interaction of the sub-quantum degrees of freedom of the quantum system with
the sub-quantum degrees of freedom of the measurement device.
The above interpretation of quantum interference is based on the assumption
that both NA and NB are large numbers (in the sense of applicability of concentra-
tion of measure) and that the statistical behavior of the sub-systemNA is equivalent
as if the slit B was closed. However, this interpretation raises the problem of un-
derstanding how it is possible that the particles are always detected in localized
form and why there is no loss of unitarity, that is, if we close one of the slits B and
half of the sub-quantum degrees is associated to B, is it not natural that we lost
the sub-quantum particles that were associated to B? At this point, our theory of
natural spontaneous collapse is applied 6. According to our theory, the properties
of a quantum particle are only measurable when it is in the metastable domain D0.
Thus the particle will be measured either close to A or close to B, but the exact
location is impossible to predict because the complexity of the dynamical system.
In our picture, although each of the sub-quantum degrees of freedom explores
the full available phase space during the Ut flow, some of them could be confined
in a domain close to A most of the time, while others in the domain close to B.
When the concentration happens, then all the system is eventually attracted to a
small localized region, either to A or to B. In the case of study, if one of the slits
is closed, then the phase space is automatically reduced. When the two slits are
open, there is an intrinsic separation between degrees of freedom, that define the
corresponding quantum states.
This mechanism shows a type of contextuality, the dependence of the Ut flow on
what are the prepared macroscopic conditions. We will see later when considering
that the same mechanism implies contextuality in non-local quantum correlations.
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9.2. Quantum interferometry in presence of an external gravitational
field. We discuss now how classical external gravitational fields enter in the descrip-
tion of the interaction of quantum systems with an external gravitational field from
the point of view of Hamilton-Randers theory. We would like to show that an exter-
nal gravitational interaction is modelled in an analogous way as any other external
potential. This could appear as a surprise if we think that in Hamilton-Randers the-
ory gravity corresponds to the dominant interaction only in the 1-Lipschitz domain
of the Ut flow and that, therefore, gravity emerges when the system is naturally
spontaneously collapsed and localized.
Let us consider an ideal gravitational interferometer setting composed by two
classical paths ABD and ACD such that the location of each path are mainly
situated at different potentials of the Earth’s surface gravitational field. The details
can be found in [21, 23] or the exposition developed in [66], from where we adopt
the notation. It can be shown that for a non-relativistic quantum particle that
arrives at A and that interferences by being allowed to follow each of the classical
paths ABD, ACD, the phase difference along the paths is given by the expression
ΦABD − ΦACD = m
2
~2
g0
λ
2π
(l1 l2 sin δ) ,(9.6)
where l1 is the length of the horizonal tram, l1 is the length of the vertical and δ is
the angle of inclination of the interference plane with the horizontal, varying from 0
to π/2. In the derivation of this expression it is applied the path integral approach
to quantum amplitudes, the local expression for the gravitational potential of the
Earth and de Broglie relation between the momenta and wave vectors.
In the present case, the neutron has two possible classical paths where it can
naturally spontaneously concentrate. If the neutron concentrates at a point along
the classical path ABD, then the local classical gravitational potential that the
quantum particle feels is V (xABD) and similarly if it concentrates along the second
path ACD. If no measurement is carry on the system, the possible concentration
region is ABD ∪ ACD. Therefore, there are two possibilities for the Uτ evolu-
tion of each sub-quantum degree of freedom, associated to each of the classical
paths. Furthermore, the localization of the quantum particle can switch between
the paths ABD to ACD and viceversa, since the evolution is quantum (not nec-
essarily continuous). Since the quantum particle is not always localized during the
Ut flow, jumps could happen between the two classical paths connecting different
fundamental cycles. However, since the gravitational potential V is local in the
spacetime manifold, it is implemented in the standard way in the quantum evolu-
tion. Following this interpretation, although the system is collapsed at any instant
that interacts gravitationally with the gravitational potential V , there is no smooth
classical trajectory defined by the system.
It is worth good to remark that since the dependence of the phase difference
ΦABC−ΦADB on the mass of the system enters as a factor m2~2 , there is an universal
validity of the equality between inertial and gravitational mass. This is because
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inertial mass of the system and passive gravitational mass does not appear in the
form mgravmi, but just as the product m
2. Therefore, if one could define classical
world lines for a neutron or any other neutral nuclei, the world line will be the
same in the presence of V . This is in accordance with our concentration of measure
interpretation of the classical weak equivalence principle.
Remark 9.1. The above considerations concerning an externa gravitational field
can be applied to other types of interaction between a quantum system and a classical
external field and in general, to any form of quantum interference phenomena.
9.3. On the non-local quantum correlations. The existence of long distance
quantum correlations is an astonishing realization of quantum phenomenology. Be-
cause of its apparent counterintuitive characteristics, quantum correlation phenom-
ena are in the core of the non-understandable elements of quantum mechanics in
terms of classical concepts. Quantum mechanics is not able to provide a mechanism
for such correlations. This important points motivates the seek of an explanation in
terms of a deeper theory. Indeed, a rational explanation for quantum correlations
is more than desirable also from the point of view of applications.
In the framework of Hamilton-Randers theory there is a natural mechanisms for
quantum correlations. Let us consider an entangled state with two parties a and b.
During the Ut evolution, the sub-quantum degrees of freedom of a and b fill the part
of the phase space T ∗TM compatible with the corresponding causality conditions
of the Ut dynamics, that is, the limitation due to the local maximality of the speed
of light in vacuum. During such filling of the phase space, the degrees of freedom
of a and b interact. Hence they can correlate their evolution. After the projection
(t, τ) 7→ τ is imposed in the mathematical formalism, the information on the details
of the evolution is unaccessible. This interacting mechanism combined with the
formal projection is the origin of the quantum non-local correlations, according to
Hamilton-Randers theory.
There are two main consequences of this mechanism. The first is that quantum
correlations appear as instantaneous in any τ -time measured by a macroscopic ob-
server, despite that the ergodic motion of the sub-quantum molecules is constrained
by hypothesis to the sub-luminal speed condition ~v < c in any locally inertial coor-
dinate system of M associated to a very specific coordinate systems of TM . Let us
remark that this notion of instantaneous interaction is compatible with relativis-
tic physics, in the sense that it is a notion independent of the reference system.
Also, note that the mechanism explains quantum correlations is instantaneous in
the one dimensional τ -time description, but the mechanism is not instantaneous
when the two dimensional description (t, τ) of the full Hamilton-Randers dynamics
is considered.
The second consequence is that, due to the sub-luminal kinematics in the sense
of v < c of the sub-quantum degrees of freedom, the maximal distance achievable
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for the instantaneous quantum correlations is bounded by the relation
dcor ≤ c T.
By the relation (3.29), this bound dcor depends on the mass of the quantum system
in question,
dcor ≤ c Tmin exp
[
Tminmc
2
~
]
.(9.7)
In this expression m is the mass of the quantum system. The generalization for
massless quantum systems of the expression (9.7) is given by the expression
dcor ≤ c Tmin.(9.8)
Both expressions (9.7) and (9.8) are in principle falsifiable. If a particular value
of Tmin is determined experimentally, then also the relation (9.7) could be tested in
systems with very small differences in mass. Indeed, according to our theory, the
following relation
∆dcor
dcor
=
Tmin c
2
~
∆m
must hold good for small difference on mass ∆m.
It is also interesting the dependence on the mass in (9.7). It indicates that
quantum non-local correlations will vanish quicker for massless systems than for
massive systems.
Current experiments on quantum correlation could provide lower bounds for the
quotient Tmin/TPlanck. However, without knowledge of this ratio, few things can
be say more precisely.
9.4. Entangle states as emergent states. We discussed in Section 5, for in-
stance by Theorem 5.7 that for any wave function, that is, for a element of the
quantum Hilbert space H, it can be represented as an emergent state. This result
applies (although we did not show it in detail) to states of any representation of the
Lorentz group. As consequence of these mathematical facts We will consider now
the case of entangled states from the point of view of Hamilton-Randers theory.
With this aim, let us consider a predecessor state of the form
ΨAB(uA, uB) =
( NA∑
k=1
(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))
+ n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))
)
|ϕ−1k (x), zk〉
)
⊗( NB∑
l=1
(
n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl))
+ n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
|ϕ−1l (x), zl〉
)
.
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In these expressions the indices k and l run over different sets of sub-quantum
molecules associated to two quantum particles referred by A and B. Thus the
particle A is here represented by the predecessor state
ΨA =
NA∑
k=1
(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))
+ n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))
)
|ϕ−1k (x), zk〉,
while particle B is describe by the predecessor state
ΨB =
NB∑
l=1
(
n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl))
+ n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
|ϕ−1l (x), zl〉.
The labels 1 and 2 stand for two different spacetime locations x1, x2 ∈ M4, where
measurements take place. Thus a particle can be measure in the location 1 or in
the location 2. The result of the localization is determined by the details of the
Ut dynamics and is determined by the processes of concentration of measure as
discussed in section 6. Note that although sub-quantum molecules labeled by 1 are
different from the sub-quantum molecules labeled by 2, during the ergodic regime
of the Ut evolution, there is an interaction of the degrees of freedom. Although
sub-quantum molecules labeled by 1 expend most of their time near the location 1,
they also expend time at 2 and in between 1 and 2, because of the ergodic properties
of the Ut dynamics.
Since there is no quantum interaction between the particle A and B and since
both become individual quantum systems, the pre-quantum state associated to
A ⊔B is a product state
ΨAB = ΨA ⊗ΨB,
that in detail takes the form
ψA⊗B(u) =
NA∑
k=1
NB∑
l=1
(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))
+ n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))
)
(
n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl)) + n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
· |ϕ−1k (x), zk〉 ⊗ |ϕ−1l (x), zl〉
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The corresponding quantum state is
ψA⊗B(x) =
NA∑
k=1
NB∑
l=1
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
l∗
(TxM4)
d4zl(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk)) + n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))
)
(
n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl)) + n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
· |ϕ−1k (x), zk〉 ⊗ |ϕ−1l (x), zl〉
We are interested to obtain conditions under which the predecessor state ΨAB
has associated a quantum state ψAB of the form
ψAB(x) = ψ1A(x)⊗ ψ2B(x) + ψ2A(x) ⊗ ψ1B(x).(9.9)
Thus although the predecessor state is a product, the quantum effective state is
an entangled state, not a product. In view of the structure of the state ψAB, a
natural way to arrive to this entangled structure (9.9) for ψAB is to demand that
the conditions
NA∑
k=1
NB∑
l=1
(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl))
+ n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
·
· |ϕ−1k (x), zk〉 ⊗ |ϕ−1l (x), zl〉 = 0
holds good. Since the collection of vectors
{|ϕ−1k (x), zk〉 ⊗ |ϕ−1l (x), zl〉, x ∈M4, k = 1, ..., NA, l = l = 1, ..., NB}
is a generator system for the Hilbert space containing the vector ΨAB, it follows
that the conditions
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))n1l(ϕ
−1
l (x), zl) exp(ı ϑ1l(ϕ
−1
l (x), zl))
(9.10)
+ n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl)) = 0,
x ∈ M4, k = 1, ..., NA, l = 1, ..., NB
must hold good. These conditions constitute our characterization for entanglement
of two predecessor states. They can be re-written as a pfaffian conditions,
0 =
∣∣∣∣∣ n1k(ϕ−1k (x), zk) exp(ı ϑ1k(ϕ−1k (x), zk)) −n2l(ϕ−1l (x), zl) exp(ı(ϑ2l(ϕ−1l (x), zl)))n2k(ϕ−1k (x), zk) exp(ı ϑ2k(ϕ−1k (x), zk)) n1l(ϕ−1l (x), zl) exp(ı ϑ1l(ϕ−1l (x), zl))
∣∣∣∣∣ .
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Thus the entanglement condition (9.10) can be read as that each of pairs of 2-vectors
{(
n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk)), n2k(ϕ
−1
k (x), zk) exp(ı (ϑ2k(ϕ
−1
k (x), zk) + π))
)(9.11)
(
n1l(ϕ
−1
l (x), zl) exp(ı(ϑ1l(ϕ
−1
l (x), zl)), n2l(ϕ
−1
l (x), zl) exp(ı ϑ2l(ϕ
−1
l (x), zl))
)
,
x ∈ TxM4, k = 1, ..., NA, l = 1, ..., NB
}
are orthogonal. Although this is different to the statement that ΨA and ΨB are
orthogonal, the entanglement conditions impose strong correlations on the sub-
quantum degrees of freedom.
If we consider that the particle A and the particle B are originated from another
quantum system C, we can also think the condition (9.10) in another way. Thus the
k-essim sub-quantum degree of freedom and the l-sub-quantum degree of freedom
can be considered as parts of the collection of degrees of freedom defining C. In
this case, the constraints (9.10) correspond to non-local spacetime correlations at
1 and 2 between different k and l types of sub-quantum degrees of freedom.
If the condition (9.10) holds, then ψAB is of the form (9.9),
ψAB(x) =
( NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉
)(9.12)
⊗
( NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n2l(ϕ−1l (x), zl) exp(ı ϑ2l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉
)
+
( NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉
)
⊗
( NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n1l(ϕ−1l (x), zl) exp(ı ϑ1l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉
)
,
where
ψ1A(x) =
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉,
(9.13)
ψ2A(x) =
NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉,
ψ1B(x) =
NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n1l(ϕ−1l (x), zl) exp(ı ϑ1l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉,
ψ2B(x) =
NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n2l(ϕ−1l (x), zl) exp(ı ϑ2l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉.
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Finally, let us mention that the emergent character of entangled states as de-
scribed in these lines can be generalized to systems with several particles and ob-
servers.
9.5. Decay of entanglement. If the mixing and Ut evolution of sub-quantum
degrees of freedom provide the mechanism responsible for quantum correlations
and entanglement, then processes of the form
ψAB → ψA⊗B.(9.14)
from entangled to product states that are separating with distance must happen
for large enough τ -time evolutions. Thus the quantum correlations are not there
for ever, as it was anticipated before. The suppression effect for the quantum
correlations is caused by the sub-luminal kinematical constraint for the Ut dynamics
of the sub-quantum molecules.
9.6. Superdeterminism vs. dynamical correlations. The predecessor states
ΨA and ΨB can be entangled in the form of a state (9.13) by two different theoretical
mechanisms. In the first one, the constraints are settle from the initial conditions
of the Uτ evolution, in a form of determinism similar to G.’t Hooft theory [52, 53].
For this mechanism there is no need of the Ut dynamics in the explanation of the
correlation constraints (9.10).
The second mechanism to generate entanglement (9.13) is as a consequence of
the Ut dynamics, specifically, as a consequence of the dynamics during the ergodic
regime of the Ut dynamics, where sub-quantum degrees of freedom interact in the
phase space. This mechanism does not require of superdeterminism, although the
dynamical systems in question are deterministic and there is contextuality.
The above discussion about the decaying mechanism for entanglement implies
that Hamilton-Randers theory can be experimentally distinguished from superde-
terminism as it appears in Hooft’s theory of cellular automaton, since the vanishing
of quantum correlations implied by the universality of the processes (9.14) does not
appear in Hooft’s Cellular Automaton Interpretation.
Moreover, the constraint does not have a corresponding one in superdeterministic
theories [52, 53]. In particular, the conditions (9.10) apply to general entangled
states that are separating in spacetimeM4 during the Uτ evolution, even if from the
spacetime macroscopic description they were never in contact. Thus an explanation
in the framework of superderminism for such transitions cannot be invoked.
9.7. Measurement of observables when the quantum state is an entangled
state. Given the entangled state ψAB, one needs to consider two terms, one of the
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form( NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n1k(ϕ
−1
k (x), zk) exp(ı ϑ1k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉
)
⊗
( NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n2l(ϕ−1l (x), zl) exp(ı ϑ2l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉
)
and the other analogous term of the form( NA∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n2k(ϕ
−1
k (x), zk) exp(ı ϑ2k(ϕ
−1
k (x), zk))|ϕ−1k (x), zk〉
)
⊗
( NB∑
l=1
∫
ϕ−1
l∗
(TxM4)
d4zl · n1l(ϕ−1l (x), zl) exp(ı ϑ1l(ϕ−1l (x), zl))|ϕ−1l (x), zl〉
)
.
We consider the expectation value of product operatorsOA⊗OB. The sub-quantum
degrees of freedom pertaining to A and to B are un-distinguishable and the assump-
tion of highly oscillation phase condition (5.4) is valid and the expectation value of
the operator OA ⊗OB is of the form
〈OA ⊗OB〉 :=
NA∑
k=1
NB∑
l=1
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
l∗
(TxM4)
d4zl n
2
1k(ϕ
−1
k (x), zk)·
(9.15)
· n22l(ϕ−1l (x), zl)〈ϕ−1k (x), zk|OA|ϕ−1k (x), zk〉 〈ϕ−1l (x), zl|OB|ϕ−1l (x), zl〉+
NA∑
k=1
NB∑
l=1
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
l∗
(TxM4)
d4zl n
2
2k(ϕ
−1
k (x), zk)·
· n21l(ϕ−1l (x), zl)〈ϕ−1k (x), zk|OA|ϕ−1k (x), zk〉 〈ϕ−1l (x), zl|OB|ϕ−1l (x), zl〉.
If one cannot apply the highly oscillatory phase condition, the analysis becomes
more involved, with terms associated to measurements at 1 with terms associated
to measurements at 2. Despite this complication, the main consequences discussed
below are valid, even emphasised due to the stronger contextuality and non-locality
of the alternative expressions.
As an example of this general formalism, let us consider the expectation value
of the product of two spin operators ~σ ·~a, ~σ ·~b, associated with spin measurements
of the particles A and B. In Hamilton-Randers theory, the expectation value for
the product of the component of the spins is of the form
〈~σ · ~a⊗ ~σ ·~b〉ψAB =
∫
M4
d4x
NA∑
k=1
NB∑
l=1
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
l∗
(TxM4)
d4zl(
n21k(ϕ
−1
k (x), zk)n
2
2l(ϕ
−1
l (x), zl) + n
2
2k(ϕ
−1
k (x), zk)n
2
1l(ϕ
−1
l (x), zl)
)
·
· 〈ϕ−1k (x), zk|~a · ~σ|ϕ−1k (x), zk〉 〈ϕ−1l (x), zl|~b · ~σ|ϕ−1l (x), zl〉.(9.16)
There are constraints between the variables appearing in (9.16), since they must be
subjected to the entanglement conditions (9.10). This implies a generic expression
120 EMERGENT QUANTUM MECHANICS AND EMERGENT GRAVITY
for the expectation values of the form
〈~σ · ~a⊗ ~σ ·~b〉ψAB =
∫
M4
d4x
NA∑
k=1
NB∑
l=1
∫
ϕ−1
k∗
(TxM4)
d4zk
∫
ϕ−1
l∗
(TxM4)
d4zl
(9.17)
f(n1k, n1l, n2l, ϑ1k, ϑ1l, ϑ2k, ϑ2l)·
· 〈ϕ−1k (x), zk|~a · ~σ|ϕ−1k (x), zk〉 〈ϕ−1l (x), zl|~b · ~σ|ϕ−1l (x), zl〉,
where the variable n22k has been substituted by the rest of variables.
9.8. Non-applicability of Bell’s theory to Hamilton-Randers theory. The
formal structure (9.17) of the expectation value of observables in Hamilton-Randers
theory (9.16) is different in several ways from the expression for the expectation
valued used as a fundamental equation in the derivation of Bell’s inequalities [9] in
quantum mechanics. To compare these two expressions let us recall that the theory
investigated by Bell [9] is based upon the following expression for the expectation
value of the product ~σ · ~a⊗ ~σ ·~b is of the form
P (~a,~b) =
∫
dλ ρ(λ)A1(~a, λ)B2(~b, λ).(9.18)
In this expression λ stands for the set of hidden variables, A and B are the possible
values of the respective observables and ρ is the density distribution of the hidden
variables.
Now let us apply Bell’s model (9.18) to a Hamilton-Randers model describing a
quantum system composed of two entangled particles at 1 and 2. First, it is natural
to assume that there are N = NA +NB sub-quantum degrees of freedom. Second,
the result of the values of the observables is only determined by the Ut-evolution
of the sub-quantum degrees of freedom accordingly with the ergodic theorem as
discussed in Section 5. If Hamilton-Randers models is to be interpreted as a hid-
den variable model according to Bell’s model, then the expression (9.18) must be
applied. In this case, the expectation value must be of the form
〈~σ · ~a~σ ·~b〉 =
∫
M4
d4x
N∑
k=1
∫
ϕ−1
k∗
(TxM4)
d4zk n
2
k(ϕ
−1(x), zk)A(~σ · ~a, (ϕ−1(x), zk))×
(9.19)
×B(~σ ·~b, (ϕ−1(x), zk)).
But the expressions (9.17) and (9.19) are not compatible. We conclude that Hamilton-
Randers theory cannot be a hidden variable theory as the ones considered by Bell’s
theory. Therefore, Hamilton-Randers models avoid Bell’s inequalities since a fun-
damental assumption in Bell’s theorem does not hold.
The theory of quantum correlations developed in the preceding paragraphs over-
comes the assumptions of Bell’s theorem. The essence of the mechanism is the
interacting during the ergodic regime of the Ut dynamics. In practical terms, Bell’s
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theory does not apply once the defining property for the expectation value of prod-
uct of quantum mechanical operators, namely, the expression (9.18) in Bell’s theory,
does not hold for Hamilton-Randers models.
A surprising aspect of the expression (9.16) is the appearance of fourth degree
factors on nk, when one should expect quadratic terms. This indicates that there
is a different term to ρ(λ) in the expression for the probability (9.19). Specifically,
the term
n21k(ϕ
−1
k (x), zk)n
2
2l(ϕ
−1
l (x), zl) + n
2
2k(ϕ
−1
k (x), zk)n
2
1l(ϕ
−1
l (x), zl)
does not corresponds to a classical density term, which should be instead a quadratic
term in n. However, note that by the definition of the densities n1k, n2k, n1l and
n2l take the binary values 1 or 0.
Finally, let us mention that in the above analysis there is left the investigation of
the analogous Bell’s identities associated to the expectation values (9.16) for spin
operators. That such inequalities must exit follows from the determination of the
expectation values as integral operators.
9.9. Discussion of the Schro¨dinger’s cat experiment in Hamilton-Randers
theory.
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10. Remarks on the notion of time in Hamilton-Randers theory
We have discussed several aspects of the notion of time in the above sections.
The notion of two-dimensional time parameter, a las, two-dimensional time, is in
the core of the theory. Due to the importance of the notion of time for our theory,
in this Section we shall consider several aspects and thoughts about these notions.
10.1. On the notion of two-dimensional time in Hamilton-Randers the-
ory. We have discussed, starting in Section 3 the notion of two-dimensional time.
One could be inclined to think that the two-dimensional time theory as it appears
in Hamilton-Randers theory is indeed familiar from dynamical systems in connec-
tions with averaging methods in classical mechanics. In particular, it is notable
the formal resemblance between the dynamical system with the (Ut, Uτ ) evolution
along the two time parameters (t, τ) and fast/slow dynamical systems [4]. In such
classical dynamical systems there are two time scales for the variation of the dy-
namical degrees of freedom: there are slow degrees of motion and fast degrees of
motion. The possibility to identify in Hamilton-Randers models the fast degrees of
motion with the sub-quantum molecules and the slow degrees of motions with the
densities and wave functions described by elements of H, which are determined by
t-time averages (and by using an assumed extension of the ergodic theorem, velocity
averages) of the fast dynamical degrees of freedom, is rather appealing. However, a
closer inspection refrains us to make such identification between Hamilton-Randers
systems and fast/slow dynamical systems. First, in fast/slow dynamics, there is a
one to one map between the values of the fast t-time and the values of the slow
τ -time. In Hamilton-Randers theory such bijection between t-time parameter and
τ -time parameter fails, since the values of τ correspond to a discrete set of values
of t-time parameter, namely
τ ↔ 2nT, n ∈ Z,
where T is the semi-period of the fundamental cycles of the Ut dynamics.
Second, by construction of the dynamics, the τ -parameter is independent of the
t-parameter, in the mathematical description of each Hamilton-Randers system.
The same arguments are applied when the τ -parameter is associated to a quantum
clock.
Finally, the theory of the fast/slow dynamical systems is significatively mathe-
matically different from the systems that we consider in Hamilton-Randers theory.
This argument reinforces the two-dimensional character of time in Hamilton-
Randers theory. Strongly related with this conclusion is the emergent character of
external τ -time parameters in Hamilton-Randers theory.
10.2. Models for the spacetime with a 2-dimensional time. The fundamen-
tal discreteness of the Ut and the Uτ dynamics suggests that the configuration
manifold M is discrete. A model for such discrete spacetime should be locally
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described as an open domain of Z5. In this case, each space Mk4 is locally homeo-
morphic to the lattice Z4 or to a subset of it. From this bare, discrete description,
several consecutive approximations can be taken. A direct implication of Proposi-
tion 3.9 is that the spacetime where the sub-quantum mechanical events happen
is a topological space M4 × Z, where each point is (x, t) ∈ M4 × Z. Second, if
the continuous approximation is adopted, the topological space R × Z associated
with the parameter time (t, τ) is replaced by the time manifold R× R. Therefore,
the spacetime that emerges in this description is a smooth manifold (indeed, a
topological manifold that we assume to be smooth) which is locally a foliation,
M5 ≃M3 × R2.
Generically, this relation only holds locally, that is, for small enough neighborhoods
U ⊂ M5, U3 ⊂M3. Each of the slits
{t = (2n+ 1)T, n ∈ Z}
defines a 4-dimensional submanifold M4 →֒M5, the 4-dimensional spacetime man-
ifold where physical processes are described by physical observers.
The main problem in accepting this new notion of time comes from the fact that
the usual notion of time that we perception is one-dimensional. This is a rather
persistent perception, including also the notion used in many aspects of theoretical
physics. Thus the introduction of a two-dimensional time appears very unfamiliar.
There has been in the literature theories where time is two dimensional. Let
us mention the two-time physics framework developed by I. Bars, where the new
dimension of time has accompanied a compact space extra-dimension [8]. In order
to show the differences between Bars’s notion and our notion of two-dimensional
time, let us make specific here that while in Bars’s theory the metric structure is
defined in an extended 6-dimensional manifold and has signature (−1,−1, 1, 1, 1, 1).
In contrast, in our case, the metric structure is defined in the 4-manifoldM4 and has
Lorentzian signature: there is no extension of the spacetime structure to incorporate
the t-time direction in the form of an extended metric structure.
10.3. Continuous character of the τ-time parameters. Due to the form in
which the τ -time parameters are defined, they necessarily have discrete values.
Both, the degrees of freedom and dynamics of the sub-quantum degrees of freedom
in Hamilton-Randers theory attach discrete set of values, as well as the values of the
τ -time parameters. Hence discreteness is inherent in our models in a fundamental
and natural way. However, it is useful to treat the τ -time parameter as continuous.
This is the aptitude advocated in the present work, where we describe external time
parameters, corresponding to the τ -time parameters, as real valued τ ∈ I ⊂ R.
The rationale beneath this approach is that the phenomena associated to quantum
or classical clocks involve large numbers of fundamental cycles. Thus it is possible
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to define the notion of infinitesimal time δτ in the theory. They correspond to sub-
quantum transitions involving very short semi-periods compared with the periods
associated to quantum systems.
10.4. Consequences of the emergent character of the τ-time. According
to our theory, τ -time parameters are emergent from the Ut dynamics. There are
several consequences of this idea, that we shall consider in the following. The first
consequence as we shaw is the discrete character of the τ -time, while the use of
continuous parameters must be considered as an approximation.
The second consequence of our theory for the τ -time is the emergent nature of
any external τ -time parameter. The τ -time parameters appear as determined by
the Ut flow at the fundamental scale and in particular, as a consequence of the
dynamics of the sub-quantum degrees of freedom.
This emergent character of the τ -time is not in contradiction with the require-
ment of time diffeomorphism invariance of general relativity, since our interpreta-
tion of the τ -time parameters applies to any parameter associated to a physical
clock as specified in sub-section 3.13 and do not introduce a preferred notion of
time. Hence there is no a privileged notion of τ -time in our theory.
Direct consequences of the emergent character of τ -time in the framework of
Hamilton-Randers theory are the following:
• Hamilton-Randers theory implies that the underlying dynamics beneath
quantum mechanics must be irreversible. This was remarked in Section 2.
This suggestion is also sustained by the emergent character of τ -time as
defined in Section 3 and the physical impossibility to control the details
of the Ut dynamics by means of quantum or classical systems. By this we
mean controlling the details of the initial conditions of the fundamental
sub-quantum degrees of freedom. Since the τ evolution is applied to the
mathematical description involving a larger scale than the Ut dynamics,
it is not possible to control the fundamental Ut flow by means of systems
described by the Uτ dynamics, due to the complexity of the dynamics of
sub-quantum degrees of freedom and the impossibility to control the Ut flow
using quantum interactions. This implies the existence of an irreversible
τ -time evolution for any physical systems but also for the whole universe.
• Hamilton-Randers theory implies the impossibility of travel back in the τ -
time for any quantum or classical degree of freedom, as a standard model
elementary particles or for any larger quantum and classical system. This is
because the way the Ut flow defines emergent τ -time parameters. Any con-
sistent model with Hamilton-Randers theory should be consistent with this
emergent character of time. This is indeed a form of chronological protec-
tion [47], that when applied to macroscopic spacetimes should impose the
absence of closed timelike curves. The concrete realization of the conjecture
in Hamilton-Randers theory needs to be fleshed in terms of gravitational
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models with a maximal acceleration relativistic, generalizations of general
relativity, but the essential argument is given above.
These consequences, even being of qualitative nature, are consequences of the
general formalism of Hamilton-Randers theory. It seems that they are falsifiable.
For instance, one could eventually look for evidence of travel back on time for mater.
Our theory insists that such a possibility does not exist on statistical grounds. Thus
any evidence from travel back on τ -time evolution will falsified our theory.
10.5. Conclusion. The notion of two-dimensional time is not new in theoretical
physics. It was introduced and it is still under intense development in the contest
of string theory and supersymmetry by I. Bars and collaborators [8]. In a different
contest, pseudo-Riemannian manifolds with many timelike eigenvalues were inves-
tigated in [25], in particular the Cauchy problem for wave functions in geometries
with multiple dimensions of time. However, the notion developed by them is radi-
cally different from our notion of two-dimensional time. The main difference relies
on the emergent character of the two-dimensional time in Hamilton-Randers theory,
compared with the geometric character of time of these mentioned theories.
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11. Relations between Hamilton-Randers models and prime numbers
11.1. On the relation between fundamental periods and primes. The dis-
cussion in Section 3 suggests a simple relation between the series of prime num-
bers {pi, i = 1, 2, ...} and fundamental semi-periods of non-interacting Hamilton-
Randers systems. We postulated one of the simpler possible relations, namely,
i 7→ Ti
Tmin
= pi, i = 1, 2, ...(11.1)
where {p1, p2, p3, ...} is the increasing sequence of prime numbers. For identical par-
ticles we can associate the same prime, pa = pa′ , if a and a
′ are identical particles.
For compose systems a ∪ a′, the product rule (3.34) is adopted. Characterizations
of meta-stable systems or pseudo-particle systems can be associated to twin primes,
for example.
Following the above lines, the collection of fundamental semi-periods must be
associated with the collection of prime numbers. Let us assume first that the
minimal semi-period must be, in convenient units of the t-parameter,
Tmin ≡ p1 = 2.(11.2)
This semi-period corresponds to the smallest possible Hamilton-Randers systems,
that have inertial mass parameter zero, the relation (3.30). The associated mass
spectrum of fundamental particles is related with the series of prime numbers as
pi 7→ ~
2 c2
log (pi) , i = 1, 2, 3, ...
Therefore, there is a sequence of the spectrum for the fundamental particles. This
spectrum depends upon the value chosen for Tmin ≡ p1 = 2.
It seems that such a series is not realized in Nature. Hence we can think that
Tmin is reached for another value. If one picks up a different, Tmin then one has a
different spectrum. Is it possible that there is a sequence of prime numbers such
that the spectrum than in the Standard Model of elementary particles. By this we
mean that the masses corresponding to the ratios
mi
mi+1
=
log (p˜i)
log (p˜i+1)
, i = 1, 2, 3, ...(11.3)
should be in relation with the corresponding ratios of the Standard Model masses
for the first values of the primes sequence {p˜i}, with p˜i running in the family
{p˜i}. Thus we make the conjecture that such sequence exists. The properties of
the sequence are undetermined. In principle, p˜i are not necessarily undetermined
primes and also, it does not need to be an infinite sequence or finish with the
heaviest mass of the Standard Model. Such sequence can be conceived that happens
for large prime numbers. Thus it could be that some of the elements {p˜′} have
associated twin prime numbers. In this case, the relation (11.3) must be considered
an approximation, valid for each of the twin pairs of primes.
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The relation (11.3) can be re-written as
m1
mi
=
log (p˜1)
log (p˜i)
, i = 1, 2, 3, ...(11.4)
where m1 is the lowest mass of the spectrum of the Standard Model.
In the above identification, inertial mass has been assumed to coincide with
the mass parameters in the Lagrangian of the Standard Model or extensions of
the Standard Model. However, the mass parameter given by (3.30) is difficult to
understand from the point of view of symmetry breaking.
11.2. The set of primes and energy transitions. There is another possible
interpretation for the relation between primes and semi-periods. A semi-period
could be associated to the difference in energy levels between quantum states, for
instance in an atomic system. In this case, the map Ti 7→ pi must run in all possible
transitions for all conceivable systems.
By the prime number theorem [48], the number of fundamental states such that
the semi-period Ta is bounded by a number x ∈ R is asymptotically given by∑
p<x
1 ∼ Li(x),(11.5)
where the logarithmic integral is
Li(x) =
∫ x
2
dt
log t
.(11.6)
11.3. The Hamilton-Randers Hamiltonian and the Hilbert-Po´lya conjec-
ture. There exist certain analogies between Hamilton-Randers models and xp-
models related with the specific form of the Hamilton-Randers dynamics. Let us
consider the common feature of current quantum mechanical approaches to the
Hilbert-Po´lya conjecture [11, 12, 24, 68]. In such approaches, the Hamiltonian is
1-dimensional and of the form
H = xp.(11.7)
We can compare this Hamiltonian with the Hamiltonian of a Hamilton-Randers
dynamical system,
H =
N∑
k=1
yk pxk + βy(x, y)
k pyk,
which determines the Ut dynamics. Under the approximate hyperbolic motion,
yk = x˙k ≈ xk,
the Hamilton-Randers Hamiltonian is
H ≈
N∑
k=1
xk pxk + βy(x, x)
k pxk,
showing that the Hamilton-Randers Hamiltonian appears as a N -copy generaliza-
tion of the xp-Hamiltonian (11.7), but corrected with additional interaction terms
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from the terms βy(x, x)
k pxk. This interacting terms can potentially resolve many of
the current difficulties of the xp-models. For instance, it is known that the correct
xp-Hamiltonian cannot be 1-dimensional hyperbolic. Comparison between chaotic
motion and trace formulas implies that the Hamiltonian must be chaotic. These
are properties that the classical Hamiltonian (11.7). These dynamical properties
could be achieved by interacting terms as the proposed here.
The above discussion suggests that the rules for combining Hamilton-Randers
systems is related with the fundamental laws of arithmetics and in particular, with
the theory of congruences and the distribution of the prime numbers.
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12. Discussion and open problems in Hamilton-Randers theory
In this section we discuss several aspects of Hamilton-Randers theory in relation
with other theories of emergent quantum mechanics and emergent gravity. We
briefly resume some of the, although qualitative, falsifiable predictions of our theory
and indicate open problems and further developments.
12.1. Brief comparison of Hamilton-Randers theory with others deter-
ministic theories of quantum mechanics. The theory presented in this work
has several remarkable similarities with other approaches to emergent quantum me-
chanics. Let us start by considering several aspects of the approach developed in
Cellular Automaton Interpretation by G. ’t Hooft and by others (see for instance
[13, 31, 49, 53]). Among the common points between the Cellular Automaton In-
terpretation as developed in the work of Hooft and Hamilton-Randers theory, are
the systematic use of Hilbert spaces theory for the description of classical systems,
the introduction of a dissipative dynamics in order to recover the notion of quan-
tum state as an equivalence class of sub-quantum states and the fact that the wave
function is ψ-epistemic. Another point in common is the fundamental discreteness
of the evolution law, although we have taken in this work a pragmatic approach to
it and considered continuous models.
However, there are important differences between our approach and cellular
automaton approaches to emergent quantum mechanics. The mathematical for-
malisms used in both theories are different and also the notion of deterministic
system attached to a quantum particle is different.
Another significant difference between our approach and cellular automaton is on
the notion of time. In Hamilton-Randers theory it is described by two parameters
(t, τ), instead than the usual one parameters, with values in the product of partial
ordered fields K (usually assumed to be the real field R) and the set of integer
numbers Z. In the continuous limit the domain of the time parameters (t, τ) are
open subsets I× I˜ of the cartesian product R×R. The further identification of the
space of the time parameters with the field of complex numbers C imposes further
constraints in the theory that we have not consider in this work. Also, note that
R× R cannot be made an ordered field. Thus strictly speaking, there is no notion
of global causation for Hamilton-Randers systems. The causal spacetime structures
emerge with the projection (t, τ) 7→ τ .
The parameters t and τ are qualitatively different and irreducible to each other,
which implies the two-dimensional character of time and that the associated two
dynamical evolution (Ut, Uτ ) are irreducible to each other. Note that in the cellular
automaton of Hooft’s approach, unitarity is recovered at the level of equivalence
classes. In contrast, in our description, where there is a dissipative dynamics in the
form of an internal Ut flow which is assumed of a rather intricate structure, there
is no preservation of the volume phase element for the Ut flow, since the dynamics
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is driven by a time dependent Hamiltonian, but the Uτ evolution associated with
the quantum mechanical evolution is unitary.
12.2. Comparison of Hamilton-Randers theory and de Broglie-Bohm the-
ory. There are certain similarities between some properties present in Hamilton-
Randers theory and in de Broglie-Bohm theory [15]. In Hamilton-Randers theory,
the value of the observables of the system are well-defined before any measurement
is done and are independent of the possible decisions that a particular observer
makes. Indeed, in Hamilton-Randers theory, the natural spontaneous collapse pro-
cesses provides a natural description for the measurement and provides a determin-
istic and local picture of the dynamics in the extended configuration space TM and
under the evolution determined by the double dynamics (Ut, Uτ ). The quantum
system is in a localized state prior to any measurement performed by a standard
macroscopic observer, but it does not necessarily follows a smooth world line in the
spacetime M4. In such localized state, all the possible classical observables have
well definite values.
Interestingly, that classical observables have definite values does not necessarily
implies the existence of a classical smooth trajectory, because the intrinsic discrete
character of the τ -time. As our discussion of the double slit experiment reveals,
transitions between separate paths can happen, as long as there is compatibility
with conservation laws. Therefore, there are no Bohmian trajectories in Hamilton-
Randers theory, in the sense that the succession of concentration domains does
not necessarily defines a smooth curve in spacetime, although Bohmian trajectories
could be associated to statistical averages when experiments are performed with
ensembles of identical quantum particles.
In Hamilton-Randers theory is natural to interpret the wave function as a pres-
ence of mater during the non-concentrating phase of the Ut dynamics. However,
the mater refers to the sub-quantum degrees of freedom and the only extrapolation
to the Standard Models degrees of freedom comes from the use of a form of ergod-
icity. Therefore, in Hamilton-Randers theory the wave function has an epistemic
interpretation, in sharp contrast with de Broglie-Bohm theory (at least in some
interpretations, that includes the original formulation due to D. Bohm [15]), where
the wave function is a real ontological field.
A possible test of the ontological character of the wave function arises if the
wave function is associated to the source of the gravitational interaction. In the de
Broglie-Bohm theory, since the wave function ψ is a physical field, it must carry
energy and momentum and henceforth, must affect the surrounding gravitational
field. In contrast, in Hamilton-Randers theory such modification of the gravitational
field due to the wave function should not be expected.
12.3. Comparison of the gravitational theory in Hamilton-Randers the-
ory with other theories of emergent classical gravity. The general idea of
emergent gravity is not new to our work. Probably, a relevant example for us is
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Verlinde’s theory of entropic gravity, where it was also argued that gravity is a
classical non-fundamental interaction [74]. We aim to briefly clarify the differences
between our description of emergent gravity and Verlinde’s theory of gravity and
eventually to show that, in fact, both are rather different theories.
Apart from being based in very different principles and assumptions, a qualita-
tive difference is on the universality of the corresponding interaction. While the
theory of gravity as entropic force requires that the system is described necessarily
by many macroscopic or quantum degrees of freedom, in order to define the tem-
perature and entropy of the system, it seems that this inevitably leads to abandon
universality of gravity, since a simple system as an electron is not such a complex
system where macroscopic entropy and temperature can be defined. However, it
is well known that gravity affects also quantum systems in a remarkably universal
way. For instance, neutron interferometry is usually used to test how a classical
gravitational potential interacts with a quantum particle [23]. In contrast, this
conceptual problem does not appear in our version of emergent gravity, since it
can be applied to a single electron (that eventually, it appears as a rather complex
dynamical system). In this sense, gravitational interaction in Hamilton-Randers
theory is universal.
Another important difference between both theories of gravity is on the use of
the holographic principle, which is fundamental in Verlinde’s approach but that it
is apparently absent in Hamilton-Randers theory. Nevertheless, this point of view
and the relation of thermodynamics and gravity is an interesting point to develop
further from the point of view of Hamilton-Randers theory.
In resume, despite that in both theories gravity appears as an emergent classical
interaction, after a rapid inspection of the above differences between Verlinde’s
theory and the proposal suggested by Hamilton-Randers theory, they appear as
very different concepts and not only different formalisms of the same underlying
theory.
12.4. Formal predictions of the Hamilton-Randers theory. Despite the gen-
eral description of Hamilton-Randers theory that we have provided, we can make
several predictions which are independent of model. Let us resume them here.
(1) Existence of a maximal acceleration. This is a general consequence of
the assumptions in section 2. The search for experimental phenomenologi-
cal signatures of maximal acceleration is currently an active research line,
developed by several groups. For us, one of the most interesting possibil-
ities to detect effects due to maximal acceleration is on the spectrum and
properties of ultra-high cosmic rays. Maximal acceleration effects allow an
increase in the number of ultra-high events compared with the predictions
of a special relativistic theory [40].
(2) Exactness of the weak equivalence principle. If our interpretation of
emergent quantum mechanics is correct, there will not be an exper
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observation of violation of WEP until the energy scales of the probe parti-
cles are close enough to the fundamental energy scale. This prediction can
be cast as follows: the WEP will hold exactly up to a given scale (close
to the fundamental scale) and after this energy scale is reached or it is
close enough, the principle will be totally violated. The scale where this
happens is associated with the fundamental scale where the deterministic
sub-quantum degrees of freedom live.
This prediction contrast with standard phenomenological models associ-
ated to quantum gravity, where violation of the weak equivalence happens
(DSR, rainbow metrics and also some Finsler spacetimes, to give some ex-
amples) and where the predictions are in the form of smooth violations of
the principle, where deviations could occur even at relatively low scales.
(3) Absence of graviton. According to Hamilton-Randers theory, there is
no graviton (massless particle of spin 2, that is associated to the formal
quantization of the gravitational field). Hence if a graviton is discovered,
our theory has to be withdraw. This can be either falsified by the study of
primordial gravitational waves in cosmology or in high energy experiments.
(4) The quantum correlations are bounded in distance and instanta-
neous. If limits are found in future experiments for the apparent speed
of the correlations, our theory has to be deeply modified. Moreover, the
expressions (9.7) and the expression (9.8) must hold.
(5) Impossibility of time travel. By the way that τ -time is defined as
emergent concept in Hamilton-Randers theory, it is not possible to time
travel back to the past for a macroscopic or quantum mater system. The
reason underlies in the emergent character of τ -time from the point of view
of the Ut flow. Although rather qualitative, it is enough to confirm that
in Hamilton-Randers theory the chronological protection conjecture holds
[47]. This can be interpreted as a theoretical prediction of our theory.
The above are general predictions of Hamilton-Randers theory. We did not dis-
cussed the implications on quantum computing that our emergent quantum theory
should have. Further consequences are to expected once the theory is developed in
more detail.
12.5. Open problems in Hamilton-Randers theory. Several important issues
need to be clarified and developed in our proposal. Some of them are briefly indi-
cated below. Many of the questions below are related.
Models for the fundamental Ut dynamics. The Ut dynamics with the cyclic
property discussed has been taken as a working hypothesis. However, it is essential
to have of examples, interesting enough to provide a basis for the mathematical
constructions discussed here.
Develop models of classical gravity with geometries of maximal accelera-
tion. Hamilton-Randers theory implies that general relativity needs to be modified.
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The modification should be at the classical level and must, apart from retain a max-
imal local speed of propagation, it must have a maximal acceleration. Interesting
approaches have been develop in the literature [40], but a complete field theory is
need.
Hamilton- Randers models and number theory. One of the most interest-
ing issues to address is to find a concrete dynamical system full-filling all the as-
sumptions that we have made for Hamilton-Randers systems. Several possibilities
are being investigated by the author. Among them, we find very interesting the
analogy with the Riemann flow models based on of analytical number theory and
quantum chaos. Indeed, it can be argued that Hamilton-Randers system are 8N -
dimensional relativistic versions (in the sense of compatibility with the Lorentz
group) of deformed xp-Hamiltonian models for the Riemann flow (see for instance
[11, 12, 24, 67, 68]). It is remarkable that several characteristics explicitly proved
or theoretically required for Hamilton-Randers systems are indeed found to hold
in certain xp-models of Riemann dynamics. For instance, it is worth while to
compare the Hamiltonian (3.55) with the Berry-Connes Hamiltonian [11, 24] to ob-
serve at least a formal remarkable similarity. But in addition, a particular class of
xp-Hamiltonian, namely, the theory develop by G. Sierra [68] appears closer to our
assumptions of models with maximal speed and maximal acceleration, since Sierra’s
theory contains an (ad hoc) maximal acceleration and maximal speed (the speed of
light in vacuum). Hence we make the suggestion that Sierra’s model is an example
of HR-system and viceversa. These similarities make HR-models candidates to the
quantum mechanical approach to the Riemann hypothesis.
Our counting of states of fundamental Hamilton-Randers theory (11.5) suggests
that the Hilbert-Po´lya conjecture is realized, not at the atomic or quantum level
as has been argued elsewhere [67], but at a more fundamental level of the physical
reality which can be the Fundamental scale by an 8N -dimensional version of a
xp-model.
Furthermore, there exists a deep connection between the theory of congruences
and the formal aspect that Hamilton-Randers theory must take, a connection that
we believe will be more obvious once the theory is formulated in terms of a discrete
dynamics.
Relation between macroscopic observables and microscopic operators.
Another open question in our approach to the foundations of quantum mechanics
is how to construct quantum mechanical observables in terms of fundamental opera-
tors acting on ontological states {|xµk , yµk 〉}N,4k=1,µ=1. The transition from the descrip-
tion of the dynamics provided by Ĥmater,t(uˆ, pˆ) to the description by Ĥmater,t(X̂, P̂ )
requires either to know the structure of the operators {X̂, P̂} in terms of the oper-
ators {uˆ, pˆ} or a formal argument to identify the quantum operators {X̂, P̂} from
the sub-quantum operators.
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A partial result related with this problem has been given in section 5, where
we have explicitly constructed free quantum states as emergent states from pre-
quantum states. However, our construction is rather heuristic and another more
formal approach is need.
Related with this problem is the issue of which are the quantum operators that
must be translated to the level of fundamental operators. For instance, if the
underlying models are Lorentz invariant or Lorentz covariant, must spin operators
be translated to fundamental operators? Are there representations of the (possibly
deformed) Lorentz group in terms of fundamental operators? Quantum spacetime
models as Snyder spacetime could be involved in answering these questions, but it
is only if we have on hand complete examples of Hamilton-Randers models that we
can address conveniently these problems. Examples of such models are free particles
described in section 5. But further analysis is required of how these models can be
compatible with quantum operators. One possibility is to study invariants under
the Ut-flow as possible values defining the compatible representations of the Lorentz
group with Hamilton-Randers theory.
Another important question to address is how quantum field theories arise from
Hamilton-Randers models. The operators of a field theory are different than the
operators of a first quantized theory. Thus it is possible that one needs to consider
first deterministic field theories from the beginning in the formulation of Hamilton-
Randers theories. Other possibility is to interpret relativistic quantum field theories
as an effective description of an otherwise discrete, first order quantized theory.
Quantum non-locality and entanglement. The notion of two-dimensional time
parameter (t, τ) ∈ R × R is beneath our interpretation of the fundamental non-
local properties of quantum mechanical systems. In order to describe the state
of a system at a given instant, in Hamilton-Randers theory we need to specify
the two time parameters (t, τ) ∈ R × R. If only the parameter τ is specified in
a dynamical description of a physical system (as it is done in usual field theory
and quantum mechanics) and if the system is not in an localized state for the Ut
dynamics, an apparent non-local behavior of the state associated with the ergodicity
of the dynamics emerges. We think that this is the origin of the phenomenological
non-local properties of quantum systems.
Interpretation of entangled states and derivation of associated inequal-
ities. A dynamical system interpretation of the quantum entanglement could be
developed in our framework, with a theory of entangled states, based on the em-
bedding H →֒ HFun in the construction given by the expression (5.2) can be con-
structed using the methods of sections 4 and section 5. In particular, we suspect
that for product states, there is few interactions between the sub-quantum degrees
of freedom associated to a and b, while for entangled states, there is many interac-
tions that imply the constraints (9.10).
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Although we have envisaged a geometric way to understand quantum non-local
phenomena, a complete mathematical treatment must be investigated: how exactly
is related the projection (t, τ) 7→ τ and ergodicity with Bell’s inequalities [9]?
The problem of synchronization different emergent systems. If different
quantum system have different periods associated, how is it possible that we per-
ceive different quantum objects as co-existing at the same local time, for a given
observer? One possibility is to invoke super-determinism and argue that there is
an underlying conservation law that induces an universal synchronization. How-
ever, we found this possibility rather un-natural in the present framework, even if
our theory is consistent with super-determinism. Other possibility is to invoke a
higher order mechanism, currently present in quantum mechanics, that allows for a
transition from a emergent quantized time as it is suggested in sub-section 10.4, to
a continuously local time synchronized macroscopic reality in systems with many
parts or components. A third mechanism exploits the relation between the primes
and periods and look for collection of consecutive primes that mach the spectrum
of elementary quantum particles.
Absolute structures in Hamilton-Randers theory and emergence of max-
imal acceleration extensions of general relativity. It is a problematic point of
our theory that the metric η4 and the collection of metrics {ηk4}Nk=1 are background
structures. We expect that an improved version of our theory should provide a nat-
ural dynamics for Ut and Uτ , hence for the Hamilton-Randers geometric structures.
The existence of the metaestable domain D0 implies that the Ut flow determines a
thermodynamical limit. Hence it is possible to derive field equations for the met-
rics {ηk4}Nk=1 valid in the metastable domain as equation of state for the system
described in terms of macroscopic observables, in the thermodynamical equilib-
rium domain. A suggestion in this direction is that it could exists a fundamental
relation between our notion of emergent gravity and several proposals that view
general relativity as a thermodynamical limit of classical systems. Furthermore,
our geometric structures are (locally) Lorentz invariant, although a more precise
description of the geometry structure in presence of proper maximal acceleration is
required [40]. This could be important as a mechanism to avoid singularities within
a completely classical theory of gravity.
The relation with weak measurements and Bohmian mechanics. It has
been discussed that in Hamilton-Randers theory the macroscopic observables are
well defined prior a measurement is made by an observer. In recent times, weak
measurements have been intensively investigated and applied to proof the reality of
the wave function. We think that weak measurements can be indeed reconsidered in
the framework of Hamilton-Randers theory and at the same time keep the epistemic
interpretation of the wave function.
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Epilogue
The theory developed in this work constitutes the skeleton of a program on
the foundations of theoretical physics. In this sense it constitutes an unification
scheme where consistently accommodate quantum mechanics and relativistic the-
ories of gravity. We have only developed the general structure of a theory that
requires further investigation. In particular, several key points like the details of
the fundamental sub-quantum interaction or mechanisms to obtain the standard
quantum theories are pressing open issues.
Among the new insights that we propose, there is a new conception of time. Time
in Hamilton-Randers theory is described as two-dimensional. As radical as this, it
is the intrinsic character of time, and its role in the emergence of reality. Time is
in our theory, part of the process of continuous emergence and it is a constructive
element of reality. This sharply contrasts with the usual notion of time in modern
theoretical physics. Despite this, our theory is potentially consistent with general
relativity and in a broader sense, with spacetime diffeomorphism invariance.
The theory in the present forms attack problems of interpretation as the origin of
quantum interference, quantum entanglement in a rather nobel way. We have shown
that the new interpretations are consistent and understandable: the theory provides
potential mechanism for such phenomena in a deeper way than the usual quantum
mechanical description, in terms of the hypothesized sub-quantum mechanics and
the notion of two-dimensional time. We have argued that the new interpretation is
consistent.
As an example of the kind of unifying framework that could potentially be
Hamilton-Randers theory, let us mention that in our theory the process of mea-
surement is intimately related with the emergence of gravity. The way they are
related is subtle. It is not that gravity induces the collapse, but that gravity and
the natural spontaneous collapse that we have introduced, are two aspects of the
same phenomenon.
The problems addressed are of fundamental importance, but also it is necessary
to consider current problems of modern physics. Any new proposal of a theory
of gravity should try to address current discrepancies between general relativity
and some astrophysical observations in the dynamics of galaxies, as well as to
address the meaning of the cosmological acceleration, or the attempts towards a
free gravitational singularities theory. An investigation of these problems in our
framework requires the specification of concrete realization of the Hamilton-Randers
theory.
It is also interesting the possibility to relate the contents of this theory with
fundamental problems in number theory. At the end of the day, we are dealing with
discrete structures that have resemblance with the structure of the natural numbers,
in concrete between the prime numbers and the periods. Thus the conjectures that
we are starting to formulate in these pages is that the fundamental dynamics at the
fundamental sub-quantum level is equivalent or deeply related with the Riemann
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dynamics conjectured by Po´lya on the distribution of the zeroes of the Riemman’s
zeta function as eigenvalues of a quantum Hamiltonian that describes a deeper level
in physical reality.
All this demonstrates that the present work is far from completion. This implies
not only further developments, but also the revision of some of the ideas. However,
we hope that the development of some of the ideas expressed here, as an approach
to address the open problems of our theory, will bring soon to light a complete and
consistent theory of Nature.
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